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ADVERTISEMENT. 


I be firſt three books of Dr Sim- 
fon's treatiſe of the Conta Sec- 
Tloxs are tranſlated into Engliſh, 
with a view to facilitate the ſtudy 
of the higher Geometry. Theſe 
books contain as much of the doc- 
trine as uſually enters into an aca- 
demical education: but if this ſpe- 
cimen ſhall be found uſeful, and be ; 
honoured with the approbation of 
the Learned, the Public will be 
preſented with a tranſlation of the 
whole. A work compoſed by a 
Briton, and which is uſeful over 
all Europe, would ſeem to be a 
proper and valuable addition to the 


150 of in Literature. 
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N. By miſtake of the engraver, the 
pages marked on the plates. refer ta the 
Latin edition, 
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'CONIC'SECTIONS. 
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Of the PARABO LA. 


DEFINITIONS. 


as Straight line AB, and Ca point Fig: 1. 
| A without it, are given in poſi- 
tion. On the plane of AB, C 

there is placed a ruler DEF, having its 
ſide DE applied to AB, and its other fide 

EF on the ſame fide of AB with the point 
C. A ftring FGC is taken equal in length 

to EF: and one end of this ſtring being 

fixed in E, and the other in C, a part of 

" ** 


\ 


2 conc SECTIONS. 


it FG is, by means of a pin G, brought 8 
cloſe to the fide FE of the ruler; then, 


the ſtring being kept uniformly tenſe by 


the pin, the fide DE of the ruler is moved 


along AB: And thus the point of the pin, 


as it moves onwards with the ruler, de- 
ſcribes upon the plane a line, named the 


'PaxaBoLAa. This line may be extended 


to a diſtance from the point C, exceeding 
any given diſtance, provided the length of 
the fide FE of the ruler employed, be 


greater than that given diſtance. 


II. The 1 line AB is named the 


directrix. 


HII. And * point Ci is N the 2 
of the parabola. 
IV. A ſtraight line perpendicular to the 


directrix, is named a diameter; and the 


point where, a diameter meets the para- 
bola, is named the wertex of that diameter ; 
and the diameter. which: paſſes through the 
focus, is named the axis of the parabola ; 


and the vertex of the axis is N * 


Principal vertex. 


V. When a Weight line a 
both ways by a parabola, is biſected by a 


diameter, it is aid to a be erdinavrly applied 
| — 
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* | wo that diameter; 3. or, it is named, ; fonply, 


an ordinate. to that diameter. 


VI. A ſtraight line quadruple of chat 


ſegment of a diameter Which is intercept- 
ed between its vertex and the directrix, is 
named the latus We or the e of 
me diameter. 


VII. A ſtrai ght line aac a parabola 
Pan; in one point, and which, when pro- 


duced both ways, falls without the para- 


bola, is ſaid to touch che i paraholy 5 in that 
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121 PROPOSITION E TREOREM. 


A ſtraight line drawn perpendicu- , 


125 lar to the directrix from any 


34 of a parabola, is equal to 
the ſtraight line drawn to the 


focus from that ſame point. 


directrix AB; draw GC to. the focus C, 
and let EF be equal to the length of that 
fide-of the, ruler, which is on the ſame 


; jo 5 ia the W „ and = 
E a ſtraight line perpendicular to the 


Fig. 1. 


ſide of AB with the focus C: therefore : 


3 . 18 n to the length of che ſtring 


2 


A 2 „ 


and the remainder EG, will be 7 1 85 * the 
remainder Se 


: * 
(A #4 A 5 — * 


Cenorlanv. Hence char: RE of 


2 hu axis which. is intercepted between the 


focus and the directrix, is biſected in the 
vertex of the axis. Thus CB is. biſected 


7 x : 
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N. 2. 
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PROP.” II. Turok; 


If the diſtanc- of | any point fro 
the focus of a; parabola be equal 
to the perpendicular drawn from . 


that point to the directrix, that 
blame, point is in the parabola, 


4161 chere be a paratiola!: the direarix of 
which is AB, and; the focus C; and let D 
be a point, the diſtance of which from the 
focus is the ſtraight line DC; from̃ D 

+draw DE perpendicular to the directrix. 

If HC he equal to DE, the 8 D is in : 
the parabolat. $7 9 : 


From the center C, at che Rande 9 


 deferibe a Circle; meeting the axis in the 
point F: let H. be the vertex of the axis, 
1 dk and 


: FGC': a away Ae es nit has FG, 4 


i 
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and join CE: then; becauſe any end Ae TY 


of a triangle are together greater \ 20. I. E- 


lements of Euclid] than the third fide, CD, : 
DE are together greater than CE; much 


more, then, are they together ig! 1. Elem.] 


greater than CB: but O is equal to DE, as 


alſo CH for. i; 1. to 1B: therefore C, 


that 18, CF, is of agar? than CH: the parabola, 8 
therefore, with reſpect to its vertex H, is : 
Within the circle GD; of conſequence, it 


muſt meet the circle ſome where, ſince it ” 


may b be extended def. 1. ] to a diſtance. from 
the focus C which ſhall exceed any given 
diſtance. Now it meets the circle in the 
Point D; for if this is not true, it muſt 


meet the. circle in ſome, other point. 


Leęt, then, the point L, which is on the 
Tame fide of the axis With the Point D, 


be that other point; then, having j join- 
ed CL, draw LM perpendicular to the 


directrix, and LN Parallel to the ſame; 3 


and let LN meet DE. in N; | and, becauſe 
the point L is in the parabola: e 1. 1 4 
equal to LM; and, according to the hypo- 


theſis, CD is equal to DE; and, C being 


the center of the circle, CL is equal to CD: 
therefore LM, that is, NE, is equal to DE; 


which is impoſſible: the A there- 
„„ Tolle, 


= 


Fig. 1. 1. 
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fore, meets not the eirele in the point In 


nor any where but in DP. cherefore D, is a 
4 oint in R She parabalks, u to any! 
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the 3 meets the 8 3 
and a ſtrai ght line drawn from 
any point within a parabola to 
the focus, is leſs than the perpeti- 
dicular drawn from that point 
to the directrix. A ſtraight 
bie. on the other hand, drawn 
from any point without a para- 
' bola to the focus, is greater 
than the perpendicular drawn 
from that point to che directrix. 


* Ma = a parabola, the WR, 


of which is AB, and the point C the fo- 


cus; any ſtraight line drawn through, C 
meets that parabola, 


Firſt, if CB, a Mich . Ro 


| through the focus, be perpendicular 


to che directrix, the eint H, biſecting 
leor. | 
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[cor. 1. 1. che ſegment, , be- 
tween the focus and the directrix, is in the 


2. 1. ] parabola: but if any other ſtraight 


line CP be drawn through the focus, bi- 
ſect the angle BCP by che firaight line 


(M, and let CM meet the directrix in M, 
and draw MN parallel to che axis BC: 
then, becauſe the angles PCM, CMN are 
together leſs than two right angles, for 
each of them is leſs than one right angle, 
the ſtraight lines CP, MN meet each o- 
ther; let them meet in the point O, then 


the angle OCM is equal to the angle 


CMO; for each of the two is equal to 


[20. 1. Elem. BCM; of conſequence OM is 


46.1. Elem.] equal to O0: therefore the 
| point O is: in [2. 1. the parabola. = 7 


To proceed to demonſtrate the Ea part 


of the propoſition: Firſt, let there be any 


point K within the parabola, that is, let 


it be on the ſame fide of it with | the 
focus C, and draw KL at right angles 


to the directrix; draw likewiſe KC to the 


focus; KC is leſs than KL. Let CK meet 
the parabola in O, and let there be drawn 
to the directrix the ſtraight line OM paral- 
lel to KL, and let OL be joined. Since, 

then, the point O is in the parabola, OC 


18 
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is equal to OM; but OM is 19. 4. Tien! 
leſs than OL; much mare therefore is 

* (OM, or) OC les chan {29 . Elem. J OK 
and KL together: take away the common . 
part OK, and the 3 *KC is leſs 
than the remainder KL., JJ 
Next, let the point Q be „ the 

parabola, and draw QR at right angles to 

the directrix: QC drawn to the focus Is 
greater than QR. Let QC meet the para- 

| bola in, O, and draw OM parallel to R. 5 

and j join QM: therefore, becauſe CO is 
equal to O, CQ is equal to Mo toge- 
ther with Oz: but MO together with 
O, is greater than QM ; much more, 


then, are they greater than QR. . 
therefore, en * i 0%. 


. * 
* ” 


Con. "Idonga it is evident, that any poiar 85 
is within or without a parabola,” accord- 
ing as the: diſtance of that point from the 
focus 1s leſs or greater than a perpendicu- 
lar —_— from char dane to * 0 
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A perpendicular to the directrix Ys 


meets the parabola only i in one 
point; and when produced 


downwards, it falls within the 
| parabola. TY. 0 5 15 e514 


8 © Lad MT be Ferpen ien to the directrix 
AB; draw MC to the focus; let CO be 


drawn, making the angle MCO equal to 


CMO, and meeting MT in O; OM is 


N conſequently equal to OC; and therefore 


the point O is in [2. 1.] the parabola. _ 


Next, take any point T in MO produ- | 
ced, and join TC: fince, then, the angle 


MCT is greater than MC, that is, than 


Fig. 1 


the angle CMT, TM is greater than TC: 


the point T therefore is within {cor. 311. 


the parabola. In like manner it may be 
demonſtrated, that any point above O in 


the ſtraight line MT i is without the ard | 


dale. 
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p R 0 5 Ji; rarer 


1 from a point in a parabola 2 
ſtraight line be drawn to the fo- 
cus, and if from the ſame point 

a ſtraight line be drawn perpen- 
dicular to the directrix; the 
ſtraight line which biſects the 

angle contained by theſe two 
ſtraight lines, touches the pa- 

rabola in that point. Alſo a 

ſtraight line drawn through the 
vertex of the axis at right 
angles to the axis, touches 
1580 parabola, ITS a 


Pig. 2. I. D being a point in a bole. _ 
DC drawn from D to the focus, and DA 
drawn perpendicular to the directrix AB; 
DE, that biſects the angle DA, touches 
the parabola i in the point D. 

In DE take any other point F; and ha- 

ving joined FA, FC, AC, 8 FG per- 
pendicular to the directrix: then, becauſe 

DA is equal [1. 1. Elem. ] to DC, DF com- 

OE © 0 


Book!” Tu PAIA 01 A. D „ 
mon, and the angle FDA equal to FDC; 
FC is equal [4. 1. Elem.] to FA; and, con- 5 
ſequently, greater than FG : therefore the 
point F is without the [cor. 3. I.] parabo- 

la; and, conſequently, the ſtraight line 
DE touches the n [def. 7.] in the 
Point T 


2H," a ſtraight Une drawn through Fig. 2; 


the vertex of the axis, and made perpendi- 
cular to the axis, touches the parabola. 
In HK take any point K; from which 
draw KL perpendicular to the directrix; 
and join KC: and, becauſe KC is greater 
119. 1. Elem.) than CH, that is, than 
[cor. 1. 1.] HB, that is, than KL, KC is 
greater than KL: therefore the point K is 
without the parabola, alt Hk touches 
the e ooh | LD | 


con 1. This Nope pen out 7 
method of drawing a ſtraight line . 
will touch a parabola in a given point, 
provided the directrix and the n be 8i- 


ven in poſition. 
Cox. 2. And ſince it 5 dais wd, 


on all ſtraight lines that touch a para- 
bola, fall without it towards the ſame 
* 2 3 parts, 


0 
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Fig, 185 | | 


| where convex. on the fide on which the 


touching lines _ mot concave on gps 
e e e nn #1 b 
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PROP. wy PrOBLEM. 


The directrix and the focus 5 a 
. parabola, and a ſtrai ght line not. 
- parallel to any diameter, being 
given in poſition; to draw a 
ſtraight line parallel to the | 
ſtraight line not parallel to any 

diameter, and which will touch . 
„ She parabola. LA 


Log 


AB 1 the direarix mk c he op | 
of a parabola, and MN a ſtraight line not 
parallel to any diameter; it is required to 
draw a ſtraigltt line parallel to MN, and 
which will touch the parabola, 
From the focus C draw CO ctrjacalionr 
lar to M, and meeting the directrix A; 


and having biſected AC in E, draw ED 


Parallel to MN, and meeting the diameter 


WO A in the pom D, and join OD; 


chen, 


| Book I. ; Txt PARABOLA,” | 13 
chen; in che triangles ADE; CDE, Ak is 


equal to CE, ED common, eee 


at E right angles; DA, 


to DC; and, conſequently, mne 
in the [ 2. 1.] parabola: And, ſince the 


: angle ADE is equal to the angle ME, che 


ſtraight line DE, as was ſhewn in the 
E propoſition, nn. 4 _ 


ol * 
1 
- & . — 
E 
4 7 
4 A 


4 
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"PROP. vu. rares. 
I Hom a point in a parabola, 


there be drawn a ſtraight line, | 


neither parallel to the axis, nor 


biſecting the angle contained by 


the diameter paſſing through. 


that point, and a ſtraight line 
4 drawn from the ſame point to 
the focus; that ſtraight line cuts 


3 the parabola i M1 One other point, 


but not in more than one. 


11 Sk E, a ac in the parabola, hs 
ſtraight line EG be drawn, ſo as neither 


to be parallel to the axis, nor to biſect the 
angle 


Fig. 3. 4. 
u. 1. 2. 
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the ſtraight line EC; from the focus C 


let a perpendicular be drawn to EG, and 
let it meet the directrix in A; and, making 
M equal to AF, through / draw Je paral- 


le to FE, and let /e meet EG in ws * 


point e will be in the parabola. 


There are two caſes. The one is es in 


which EG paſſes through the focus: Be- 


cauſe EC is equal to EF, and each of the 


angles ECA, EFA a right angle; therefore 


Ac is [F. and 6; 1. Elem.] equal to AF; 


Fig. 4. 


n. I. 2. 


and, conſequently, it is equal to A/; all 
each of the angles ACe, Aſe is a right 
angle: Ci is, therefore, equal to 7; and 
therefore the point e is in * 12. I 1 _ 


bola. 
In the other chiles EG 3 paſts not throu gh 


the focus. From the centre E, at the di- 
ſtance EC, deſcribe a circle, meeting CA 


angle contained by the diameter EF * 


again in H; and deſcribe another circle 


136. 3. Elem. ] the ſquare of AF, that is, to 


on ä of W: therefore AFf touches the 
circle 


through the points C, H, /; then, becauſe 
EC is equal to EF, and that EFA is a right 
angle, the circle deſeribed from the centre 
E touches | 16, 3. Elem.] the directrix in 

F:: therefore the rectangle CAH is equal to 


* 


Book l. T' it 14 5 0A. * 5 
circle [49 3. Elem.] /CH; and the centre 
of this circle is [ 19. 3. Elem. ] in fe; it is 


alſo in GE, which biſects CH at —— 
angles: it is, therefore, in the point e 


where fe, GE interſect each other, C, 
therefore, is equal to /; and, therefore, 


the point e is in the [a. 1. parabola. 


It is evident, that EG cuts the parabola | 
no where but in the points 2, 6 For, if 
poſſible, let EG cut it alſo in another point 


; and let «6 be drawn perpendicular 
to the directrix AB; a circle, then, deſcri- 
bed from the centre :, diſtance C, paſſes 

through H, and touches the directrix in 
the point e, at a diſtance from the point 
A, leſs or greater than that of the point F 
or 1 from A; and the ſquare of A being 


Fig. 4. 


N. I. 2. 


n. I. 2. 


equal to che rectangle CAH, is equal to 


= ſquare of FA: which is abſurd, 


Cor. Of all the firaight likes” he 


can be drawn from any point of a para- 
bola, only one can touch the parabola; 


for the diameter through the point falls 
[4. 1.] within the parabola; and any o- 
ther ſtraight line, except that which bi- 


| 
j 
© 
| 


ſeas the angle contained by the diame- 


ter throu gh the Fa and the ſtrai ght 
line 
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ne dran from the point to. the focus, 
meets che parabolk agaimin-ynother aint. 


a ries: Ad FS. * Lag 4 PAH] 10 n Are 8 


P R oP, VIII. uren. 1 


„ e e, e = 0-79 OB ad 1 
if If from the: focus'of 418 EDS to 

4 "ſtraight line there is drawn a 

pendieular meeting the di- 


„ if the ſegment, of the 
r de intercopted be⸗ 


teen the focus and the ſtraight , 
Un ine, is not greater than its 0+ 


. ther ſegment intercepted bes : 

1.0 { {tween the ſtraight. line: and the 
133 ee that ſtraight line, ne 
7 ffarily, meets the e 


Fig. 4 Tapes the reds be parabola, — 
n. 1. 2. let O, Which sets che direQvix. in A, 
be a perpendicular to the ſtraight line LGG; 
if the ſegment C8, between C and LG, 
be not greater than the ſegment GA, be- 
tween LG and the directrix, the W | 
E 10 "neceſſarily n e 
5 it is glai, from —— was — 


Book Il. TE PARABIOLA.) (a7 
in Prop. 6. that the ſtraight line LG 
touches the parabola in the point Where 


the diameter en A meets the lame 8 


LG. 1 71 

But if CG be lefs chan GA, take GH 
equal to GC; and from the point A, and 
on either ſide of A, place, in the directrix, 
AF, or A/, ſuch, that the ſquare of either 
may be equal to the rectangle CAH; and 
having deſcribed a circle through the 
points C, H, F, draw, through FE, FE per- 
pendicular to AF, and let FE meet LG in 

E: and the ſquare of AF being equal to the 
rectangle CAH, AF touches the circle in 
F; and den the centre of the circle is 
in FE; but as CH is biſected at right 
angles by the ſtraight line LG, the centre 
of the circle is likewiſe in LG: it is, there- 

fore, in E, the point where FE, LG in- 
terſe each other: hence EC is equal to 
Ek; and, of conſequenee, the point E is 
in the parabola. In like manner, if ef 
drawn perpendicular to the directrix meets 
181 in e, ne 


cox. ee any firaighe bike paſſing 
xhrough; a point within a nn meets 
W „„ i 


Caſe 1. If the + ſtraight line is a diame - 
ter, it is evident, from _ 401. that ie 
meets. the parabola. een en Den 
FCaſe 2. When the ſtraight lines is not a 

diameter. Let LG paſs through the point 

L within che parabola; it will meet the 

parabola. From the focus let the 
ſtraight line CG be drawn at right angles 

to LG, and let it meet the directrix in A; 

and join LC, LA: then hecauſe the point 

L is within the parabola; a ſtraight line 
drawn from L perpendicular to the direc- 

trix, is greater [3. 1.] than LC; LA, 

therefore, which is not leſs than this per- 
pendicular, is greater than LC: AG, 
therefore, is greater than [47; 1. Elem.] 

GC; and theretore LG incets the para- 

bola. Min be W ef e andy to 

3 „ i7- tbe 


7 ip 50 ee 


The angle contairied by io een 75 
5 72g a*parabolay' and a'ftraight line 
175 drawn from. the vertex of that 


1 gif; * 


25 diameter to the focis,, is biſect⸗ 
end by the ſtraight line that 
touches the parabola | in e 
Vertex. e . 
e | th ht : - | The 


The . ADC, ca 2 the dia- Fig: >” 


meter AD, and the ſtraiglit fine BC, is bi- 
ſected by PE, A ſtraight; hoe touching the 


_ parabola. in the vertex B; for if DE bi- 


ſects not che angle ADC, i it is poſſible for 
ſome other ſtraight line to do it; and this 


other ſtraight line alſo: will touch the ** 


rabola: ie 18 abſurd. 7 9 $30 £4 os 5 


Con. T: On the E — 5 i AD he 8 


| diameter, and ED touch the parabofa in 
the vertex D of AD, and if the angle ADE 


be equal to the angle CDE, DC phſſes 
through the focus: Or, if DC paſſes _ 
through the focus, DE touching the para- 


bola in D, and the angle ADE being equal 
to the angle CDE; DA is a diameter. 


Con. 2. If from any point D which is in 


a parabola, but which is not the vertex of 
the axis, a ſtraight line 'DE be drawn 
touching the parabola, | the angle EDA 
contained towards the directrix by the 
; ſtraight line DE and the diameter DA, 


is leſs than a right angle; for the angle | 
ADC, Which is the double of EDA, is leſs 


_ two 1 * 2 £9, e * 


1 55 ** 
** * — = # a * * 1 » k E 
r „ 4 * ? . 


g A + p , & $63 wt 4 4 1 * #w-+ 4 J 
Ly * 
x 4 . N ; < F 
i ad * c * ö 5 " 5 * "4 
1 £ 4 * p 0 
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. "PROP. 1 Tron, t wr = 

5 * ris] a ppint in 4;; Parabola a 
ſtepight line be drawn touching 

5 pe the Parabola, and- if om the 
ſaws: point a ,-perpenc ioular be 
drawn to the axis; the ſegment 
ii the pain ittercopted between 
e eee ouch 

ing line, is gn in che. wr. 

tex of the a | 


871 adi 22 12 pf _ ul ot. Sai 
18 * Lia Dibe 5 of A parabola, and let 
DE drawn from D touch che parabola, 
an DH' be'perpendicutar'ts' the axis; the 
ſegmene EE of che Axis ig biſected in F, 
the vertex of the axis. W eee 
Through Drlet DA he drin perpen ahi» 
cular to the directrix; let DC be Gt 
the foaus, and let Whael dis tk the direc⸗ 
ttix ,in, B: And Wu angle (DE il | 
exon the langle ADE, that is, t the" 
terns :angle' CED, CE is equal to CD, 
or DA&;* that is, to HB; and CF is equal 
3 8 to B; therefore the remainder FEE is e- 
=_ qui tate remainder aan ae en 


* 8 | 156 | HHH ER] ron 
: | 1 #} n 7 | | 
* : * , | i 
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prey ſtraight line en > 
ight nec oe nga: . 


nas eg n. abe das: 
ter. ory 4 a, 23 42 rl pL ” 


TY 21 70 293: 


The firaight line Ee, which is termina- 


f ted in the points 2s parallel. o 
DK, a ſtraight line touching the parabola; 
and AD, e eee 


Let AD, meet the dinectrix Ag; in A; 


ich paſſes thnaugh 


che. point of . contaQ, P, meeting; ExinL; 
LE 18 equal to Le. An 59:10; r on! - 


Fig. 4- 


N, I. 2. 


: from the Points Erg to kh direchein/ ira 


the perpendiculars, EE, of land from the 


focus C draw CA meeting Ee in & jUu⁰%,j⏑t | 


from the centre E, diſtance EC, deſcribe 


a circle meeting CA again in H; this ir- 


cle will touch the directrix in F 1% join BC: 


then, becauſe, DA is equal to DC, and 


the angle ADK equal to (g. 1. MK, DK. 
i 5 (4. I, Elem.] 3 to AC: and, 


* 
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- therefore, Ee too is at right angles to the 
ſame AC: and becauſe E is the centre of 
the circle CFH, CG is equal to. [3- 3.Elem.] 
GH: join Fe and ell, and C will be e- 
qual [A. I. Flem.] to HI: A circle, there- 
fore, deſcribed from the centre e, and at 
the diſtance C, paſſes through H and | 
C being. equal to %, it paſſes, likewiſe 

through. Vi therefore, ſince the ff aight 
line Ef touches the circles, and the. raight 
tine AHG cuts them, he ſquare of AF is 
equal to the [ 36. 3. Elem. ] rectangle CAH, 
that 1s, to the ſquare « of Af: therefore AF 
is equal to Af; and FF, AL, fe, are _paral- 


£1 07 nene LE is la. 6. Elem. ge to 


Le. 8 3 2 „ 
76k 0837 12 Gp Ns i hand, b a baiske : 
line Ee, terminated both ways by a para- 
bola, be biſectecl by che diameter AL, it 
is parallel to the tangent which alles 
through D, the vertex of AL: for if the 
ſtraight line touching the parabola in the 
point D, be not parallel to LE, let another 
ſtraight line be drawn touching the para- 
bola, and parallel to LE; chen the diame- 
ter which paſſes through the point where 
| we other "ſtraight line touches the Wen 
+ 15 e la, 
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1a, biſects the ſtraight line Ez: but, ac- 
cording to 'the hypotheſis, the fame Fe is 
biſected by the diameter AL: "which? is ab- 
; ſurd. 1 1 411. Fe OLD 1 
Cox. 2. All Arai ght Ang ortinatelya ap- 
plied to an 0 diamete 87 are parallel to one 
another. 20% 1394 n 
Cob. 3. If brd or more parallels be ter- 
minated Both" ways by a parabola, the dia- 
meter which biſects the one; or one of 
them, biſects alſo the other, or the reſt of 
them: for the one that is biſected by a 
diameter, is parallel to the ftraight line 
touching the parabola in the vertex 5 
that diameter; and conſequently the other; 
or the others, is, or are, parallel to the 
ſame ſtraight line that touches the paraho- 
la in that, vertex; and, therefore, is, or 
are, biſected by the ſame diameter. 
Con. 4. Any Arnight 1 line, on the con- 
| , which biſects two. parallels termi- 
a} both ways by a parabola, is a dia- 
meter: for if it is not, it is dee 
ſome other ſtraight line biſecting one of 
the parallels to, be a diameter; 3 and be- 
ing a diameter, this other ſtraight line 
muſt alſo biſect the other of them]: but, 
according to the hypotheſis, the former of 
1 the 


bay ter; the ſquare of. the pe ends 


e 
% 
"© : | 
4 72 | 1 Yy a 4 1 4 ®. mY 
* 1 : 7 of * gf - N 
# * 


which is abſurd. And if Fang point 


. of contact a ſtraight line be drawn biſect· 
ing another ſtraight line parallel to the 
tangent, and terminated both ways by the 


parabola, that ſtraighr line is a diameter: 
for if it be not, let a diameter be drawn 


through the point of contact, this diame- | 
N alſo biſect the parallel to che tan 


: which j is abſurd. 


en. 5. And a ſtraight line drawn | 
| 8 the vertex of a diameter, ſo as to 
be parallel to ſtrai ght lines ordinately ap- 
plied to that diameter, touches the para- 


Bola. This is manifeſt from cor. 1. 705 


5 * 
„ 


24 1 
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If from a point of 4 parabola 4 
ſtraight line be drawn perpendi- 


cular to a diameter, and if from 


' ; 


-  otdinately applied to that diame· 


= cular i is equal to the rectangle 
om ne by: the abſciſſa of * 


2 


; vo Rraight k Jines As * allels: 


the ſame point a ſtraight line be 


* Fr 4K. 1 r FOTOS” I 7.00 
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67" eech rep e os Trier 


nn e 3. $i E ri 15. 4 


a B. Ns ele is a ſegment Ini. 3 
cepted betwixt the vertex of a diameter 


ry A ſtraight line ordinately applied to 
ale diütnter an mmm ” 
+ 1D: 40 5% %o IC $144 
Cee 1. Whitt dune ld the: 42 
of the pa parabola. 51 0 E i344 4 * N 
Let D be a Point in 4 piitbola, and DH 


Fig, 5. 


A perpendicular al the atis BC; DH Will 
be parallel . o #6. 1. che ſtralght live 


touching the pabals' in the vertex of the 
axis; 'and” therefore” wilt be ordinately 


Aten ] applied to the axis: draw DC to 


2 focus, and DA perpendicular to the 
5 and let F be the vert 


thes axis : | 
DA, that is, to DC, the ſhuare' of HB is 


of H burt, ſince BE is equal g F the 

lame ſquare of HB is equal to four ous 
the rectangle HFC, together with the 
[8. 2.Elem. | ſquare of Hr th 


"then, becauſe HB is equal to 


equal tothe ſquare e dz that i to the 
ſquare of DI, together wich che ſſuare 


eren the 


ſquare of DH;] together, with-the ſquare of 


* ta four times the rectangle 
'D HEB, . 


* — — ES > ny —— — ——— N. — — 
7 * 4 
Fd o 
* - 


* 
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HEB, together with the ſquare of HC: 
therefore the ſquare of DH is equal to 
four times the rectangle HFB, that is, to 


* the rectangle contained by the abſciſſa f 


HF, and the parameter of the axis. . 
Caſe 2. When the diameter to which 


: the e is drawn is not the 


Axis. > 
Let EN be nn to dae Maa 


12. ter AD; let EL be an ordinate to AD, and 


D the vertex of the ſame AD; the ſquare 


of EN is equal to the rectangle contained 


by the abſciſſa LD and es Farmer of 


* Axis. 


Draw DR parallel to LE DK. will cn | 
fore [5 cor. 1 I. 1. ] touch the parabola i in 
D: and let the ſame DK meet the axis in K; 
let EF be drawn at right angles to the di- 
rectrix; and let a circle be deſcribed from 


the centre E, diſtance EF; and this circle 


. +" - Elem. }CPKgand4 CBAare right angles, 


will touch cor. 16: 3. Elem. che directrix in 


F, and paſs through the focus C: let AC 
be joined, and let it meet the circumfer- 


ence of the cirele again in H, and the 
ſtraight lines DK, Lk in che points 2, 8 


n let LE meet the axis in O. 


Becauſe the angles [o. 1. of this book! 


and 


85 * 


| 


| Book I. Tu AA 4 "i 
and the angle BCP common, the. triangles 


CBA, CPK are equiangular: AG, there- 
fore, is [4. 6. Elem.] to CB, as CK to CP, 


that is, as [2. 6.; 16. f. Elem.] OK 70 5 "IN 


P: the rectangle, therefore, contained 
by CA, GP is equal to [ 16. 6. Elem.] that 
contained by OK, CB: but becauſe CA is 
lo. 1. of this book, and 4. 1. Elem.] the 

double of CP, and CH the double of CG, 
AH is double of GP; and, conſequently, 


the rectangle CAH is equal to twice tie 


rectangle CA; GP, that is, to twice! the 
rectangle OK, CB: but the ſquare of EN, 
or of AF, is equal 3. 36. Elem.] to the 
rectangle CAH : it is, therefore, equal to 
twice the rectangle OK, CB, that is, to 
the rectangle contained by the abſciſſa Ps 
and the parameter of the axis. Tr 


| Cox. I. Henoe the ſquares 4 . 
culars drawn from any points of a parabo- 
la to any diameters, are to one [I. 6. E- 
lem. ] another, as the abſciſſas intercepted 
between the vertices of thoſe diameters 
and the ordinates drawn from thoſe; paints. 
Cor. 2. The ſquares of ſtraight lines 
ordinately applied to the ſame diameter, 
. arg! to one © another, as the #bſciſſas [Between 
5 D 2 thoſe 
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thoſe ſtraight lines and the vertex of that 
diameter. Let EL, QR be ordinately ap- 
plied to the diameter DN; and let EN, 
Qs be perpendicular to the ſame: becauſe 
the triangle ELN is equiangular to the 
triangle QRS, the ſquare of EL is to that 
of QR, as the ſquare of EN to that of Q, 
that is, by the preceding corollary, as the 
abſciſſa DL to the abſciſſa DR, 

Cor. 3. Andif from the vertices of two 
Ae there be drawn ſtraight lines 
ordinately applied to thoſe two diameters, 

_ that is, if the ſtraight line drawn from 
the vertex of each diameter be an ordinate 
to the other diameter, the abſciſſas between 
thoſe ordinates and the two vertices are e- 
qual to each other; for the perpendiculars 
drawn from the two vertices to the two 
diameters a are een | 


p R 0 P. In. TREOx. 


Ik from a point of a parabola 5 
ſtraight line be drawn ordinately | 
8 applied to à diameter, the ſquare 
of half that ordinate is equal to 


r 


abſcſſs 7 


i 


4. 
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- abſcifla between that ſame ordi · 


0 nate and the vertex of that dia- 


meter, and the lalus rectum of | 


7% #'Þ 


the ſame diameter. ec 


"tt AB be the directrix of a nh 


and AD a diameter, to which EL, drawn 
from the point E of the parabola, is ordi- 
nately applied; and through the vertex D 
of the F ee AD, draw DK parallel to 
EL; DK, of conſequence, will touch the 


parabola: draw DM perpendicular to the 
axis, and from Q, the vertex of the axis, 


draw V ordinately applied to the diame- 


EI. 


Since QR is ag to DK, its e is 


| equal to [47. 1. Elem.) the ſquares of DM, 

Mk; but the ſquare of DM is, by the firſt 
caſe of the foregoing propoſition, equal to 
four times the rectangle MB: and ſince 


Mus equal [10. 1. ] to . the ſquare of 


ter DL; and, conurany. parallel iv, 


MK is equal to four times the ſquare = 


MQ; therefore the ſquare of QR is equal 
to four times the rectangle MB, together 


with four mes dhe ien of . chat! is, 


* | „ $ £3 t9 
ry * * # A 5 5 * 1 
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to four times 3. 2. Elem.] the rectangle 
QMB: but MQ or QR, is equal to DR, 
and MB to DA; therefore the ſquare of 
QR is equal to four times the rectangle 
NDA: and ſince QR, EL are ordinately 
applied to. the diameter AD, the ſquare of 
QRis to the ſquare, of FL as [2 cor. of the 
precedin 8 propoſition] RD to LD, that is, 
as four times the rectangle RDA to four 
times the rectangle LDA : but the ſquare 
of B, as hath been proved, is equal to 
four times the rectangle RDA; therefore 
the ſquare of EI is equal to four times the 
rectangle LDA, that is, to the reQtangle 
contained by the abſciſſa and the pa- 
rameter of the diameter AD. 
It was from the property above demon- 
| trated, that Apollonius named the curve 
which is tlie 15255 of 7 71 book 


tlie PARABOLA. . * 
| SH, 0 IT 


n : 
* . 4 fo 
ö wi [. «# of = 


con. 1. If Boch Se E to AD, a 0 
meter of the parabola, a ſtraight line EL 
is drawn parallel to ſtraight lines ordinate- 
p applied to the diameter AD, and meet- 
ing the ſame AD below 106. werter D; if 
the ſhuare of EL is equal to the rectangle 
contained wg the abſciſſa LD and the pa- 
rameter 


3 
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rameter of the diameter AD; e | 


is in the parabola, - 


For fince the point 1. is BETTS Tal I [Jabs 


parabola, the ſtraight line EL neceſſarily 
meets cor. 8. 1.]-the parabola :- if, there- 


fore, EL does not meet the parabola in the 


point E, on the ſame fide of the diameter 


with E, let it meet it, if poſſible, in ſome 


other point, nearer, ar more remote, from 


the diameter, than E is: let this ather point 


be +; then the ſhuare of. L is equal to the 


refatigle! contained by LD, and the para- 
meter of the diameter, that i is, according 
to the eres, to * Kaner N EL: 
which. 1 1s abſurd. 7 

Cok. 2. If from two points E, * one 


of which, Q, is in the parabola, there 


| be drawn to the diameter AD ſtraight lines 


EL, GB, parallel to ſtraight lines ordi- 


wm applied to AD; if the ſquares, of 


the parallels be to one another as the ab- 
ſciſſas between the parallels and the vertex 
of the ſame AD; the other © Pe” E 1s alſo 


in the parabola. ., 


If the diameter ID. meets Fern 


in n A, four times AD is its latus rectum: 


then, ſince the ſquare of Q is to that of 


EL as * is to _ that 3 is, as four deim 
„ 


*, 


_ 
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| che rectangle RDA to four times the Tees 

tangle LDA; and fince,. by the propoſi- 
tion, the ſquare of Q QR is equal to four 

1 times the rectangle RDA; the ſquare of EI 
18 5e to four times the rectangle LDA; 


and therefore, by the preceding en 
OY Me ee Ani 


RO. XW. 5 Tun. 


| 11 a ch line be drawn 0 a 
point of a / parabola ſo as to 
| be ordinately applied to a diame- 
| ter, and if another ſtraight line | 
= be drawn from the ſame point 
| sas to touch the parabola, and 


meet that diameter; the Teg- 
"0 ment (of he diameter) inter- 

cepted bet wixt the ordinate and 

the tangent is biſected in the 7 
5 vertex of the diameter. ee 


. * 3 29 "Ta 


vi „ A being a point of a parabola ; 40 
drawn from A, fv as to be ordinately ap- 
plied to the diameter BC, and AD drawn 


From wig ſame point, fo as to touch the 
OY © parabola, 
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parabola, and meet BCin D; the ſegment | 
CD is biſected 1 in B, the vertex of BC. | 
| From the vertex B let BE be drawri pa- 
rallel to AD; it will be ordinately [11. 1. 
applied to. the diameter AE, and the ab- 
ſciſſa BC will be equal to the Mn 
| [3 cor. 12, 1 ] AE, that is, to BD. 


1 


Cor. I. On the RU hand, AC biſng' 


ordinately applied to the diameter BC, if 


Ab be drawn making BD equal to BC, 
AD touches the parabola. _ 
For if AD does not touch the NS 5 
let AF touch it; FE then i is equal to BC: 
which is impoſſible. Ol | 
Con. 2. If a ſtraight lune touches a pa- 5 
rabola, its ſegment between the point f 
contact and any diameter is biſected by a | 
ſtraight line touching the parabola i in the 
vertex of that diameter. 
Let AD, a ſtraight line touching the pa- 
ribdla” meet the diameter CB in the point 
D, and the tangent GB in G; let AC be 
_ drawn parallel to BG; AC will be ordinate- 
ly applied to the [x 1. I.] diameter CB: 
and ſince, by the propoſition, CB is equal 
to BD, AG is likewiſe equal to Go. 
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4 latus rectum of the axis, the fo- 
3 and the directrix of a Para 
bola eng in poſition. e 


i 8 7. 5 Let two parallel ſtraight 9 AB, 0 


' Join FE, and let it meet the parabola i in : 
EE. 18 [4. cor. 11. 1,| a diameter. 5 


its vertex G. take any point H; and 


lar to the diameter GF, and meeting the 
paral ola in the points K, L; and through 


_ 


+ rallel ta the diameter GF, and meeting 


parallel to MH; then, becauſe MN 1 is pa- 

_ralle] to GH, it is a diameter: bur KL i is 
ordinately applied to MN; therefore NO 

AI ,touches [5-7-1194] the Fan e in N. 
= -; - And becauſe MNO i is a right angle, MN 
. 2. cor. 9. 1 4 the axis: and a third pro- 


5 * 
| rettum 
f * . eee { IG HOO hr. &- 8 + guys ee 4 . of Ott 4 ge e 7 x Ki Ne e 
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13 To fda. . . the. axis, the 


be drawn ; let them be terminated in the 
parabola, and biſected in the points F, 5 - 


A . Next, in the diameter GF, and below | 


; through that point draw KHL perpendicu- N 


: N, the middle point of KL, draw MN pa- | 


ute parabola in N; and let NO be drawp 


pPartiogal to NM, MK is | the 113. 1 ] Latug 
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ln of the axis: and the diſtance of the 


focus from the vertex of the' axis is equal 


to a fourth part of the /atus rectum of the 


axis; therefore the focus is given. After 
OR! r 1 | andere dene | 


PROP. XVI. pres. 


The directrix and "thei focus of a wn 


parabola being given in poſi- 
tion, to deſeribe the parabola. 5 


Let AB be the directrik, and C the f6- 


cus and with a ruler and ftring deſcribe 


the (def 1 + patabola ; or aP many points 
of the parabola as may be thought neceſ- 
ſary may be thus found; through the fo- 
cus C draw CB at right ange to the di- 


rectrix, and CB will be the axis: to the 
axis CB draw any perpendicular LG, 


meeting it below its vertex FE, and in the 


Fig. 6 


ſame axis place CH equal to BG ; CH will 


thus be greater than CG; and "From tlie 
centre C, diſtance CH, deſcribe a circle, 


| [cutting the ſtraight lad LG in D, 45 theſe 


points are in the parabola 
For the ſtraight line DA, Sn 6 to the 


Mn. ſo as to be parallet to GB, is e- 


ES. 5 > qual 


* 
81 — =» * 
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qual to GB, that is, to CH, that is, to 


D; and D, therefore, is [ 2. 1. ] in the 
parabola. In the ſame manner it 5 


be ſhewn, that d is in the parabola. 


"Gon. Hence, if the 1 ri AB of; a 
parabola, and F, the vertex of the axis, be 
given in poſition, the parabola may be de- 
ſcribed, by drawing FB at right angles to 
the directrix, and making FC equal to FB; 
for C will be the focus. In like manner, 
if the vertex F and focus C be given ; join 
CF, and produce it to B, ſo that FB may 
he equal to FC; a ſtraight line drawn 

| through B at right angles to BC, will be 
| the directrix: and if the axis GE, its vertex | 
F, and its parameter, FK, be given in poſi- 
tion, the directrix may be found by ma- 
king FB equal to à fourth part of the pa- 
rameter FK, and drawing BA at right 
angles to che ſame FB. In like manner 


the directrix may be found; if the axis, 


tte focus, and the parameter of the axis, 


be given in poſition. In all theſe caſes, 
therefore, the parabola may be deſcribed 
e, to the eee e ee, 
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polition, to deſcribe the parabo- 
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The ens FH, i mortem Bi" kD" 
f point without it, and below che vertex F, 
being given in poſition; it is propoſed to 


through D. - 


perpendicular to the axis, find III. 6. E- 
lem. ] FK a third proportional to the two 


for its focus; and AB for the directrix; 
this parabola will paſs through the point 
D. For ſince FG, GD, FK are propor- 
tionals, the ſquare of GD is equal to the 


of 


4 4 * — 
= 
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The axis and its vertex, and a 
point without the axis and be- 
low its vertex, being given in 


1 Which A 2 85 9 that 


deſcribe the „ aa Fang, wn bees 92277 7 
11 3 Sonn tha [poke GD 
ſtraight lines FG, 'GD; then, taking FB 
equal to the fourth part of it, and making 


FC equal to FB, draw BA parallel to DG; 
and let a parabola be deſcribed, hovikgC, 


rectangle GFK: and: FK is the parameter 


1 = 5 


Fig. 8. 


| 
l 
' 
; 
: 
. 
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of the [def. ö. 1.] diameter FG; therefore 
the point Y [1. cor. 13. 2 1 in the parks 1 
8 bels, - 1 Tel Ke” b 1 ; * * 


. z I K 


PROP. Xvi Pros. 


ty 9. To ſtraight | 8 AB, AC, hich 
meet each other in the point A, 
being given in poſition, and a 2 
ſtraight line DE being given in 
magnitude; to deſcribe a Para- 
bola which may have AB for a 
diameter, and DE for the para- 
meter of AB, and which the 
ſtraight line AC may touch in 
the Polin, A. 5 


F 


: l ey 
ee ee rr a —V—᷑— EE OO OO nn 
_ "5 
_— . 


Take of DE the l part DF, ard in 
BA produced place AG equal to DF, and 
draw GH at right angles to AG; then, 
| making the angle CAK equal to GAG, 
and the ſtraight 18 5 AK equal to AG, 
4 deſcribe a parabo a, which may have K 
for the focus, and GH for the directrix; 
AB will be one of the diameters, and the 
e of AB will be _ to. the 
43 | | [def/, | 


* "A * 2 = 3 2 
, a y 8 8 I 4 A. * 1 * * — 
11. A What ˙ d ²Ä— ! ... ! ̃ ⁵ ů ü! ER.” WIDE CR LN 
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[def. 4. 6.] quadruple of AG, that is, to 


DE : and fince AG is equal to AK, the 


point A is in the parabola; and ſince the 
angle GAC is equal to CAK, the ſtraight 


line AC touches the n in the poink 
A. | 


"Cor. If from « pid , a l bitte -* 


LM be drawn in a given angle LMA, bt... 


a ſtraight line AB given in poſition; and 
5 the ſquare of LM be equal to the rect- 
angle contained by a given ſtraight line 


DE, and the ſegment MA, interoepted be- 


tween the ſame LM and the given Point 
A; the point L i is in a parabola given in 
poſition. Having drawn through the 
point A a ſtraight line AC parallel to LM. . 


deſcribe, according to the propoſition, a 


parabola which may have AB for a diame- 


ter, and DE for the parameter of AB, and 
which the ſtraight line AC may ach. in 
the point A; this parabola i is the locus of 


4 the olds L; for ſince the ſquare of LM 


is, by hypotheſis, wy equal to the rectangle 


contained by MA and DE, and that LM 


is parallel to AC chat touches the parabola, 
and conſequentiy to ſtraight lines ordi- 


nately applied to the diameter MA; the 


. cor. 13. 1 F 
PROP, 


12 . A diameter AB, 8 its vertex A, 


” 
*-- 


* i e _— 5 — FR, » 3 * 
3 * . — . 3 i — „ 'S * 
PRO P. XIX. - Pros. 
* . l 


being given in poſition, and a 

ſtraight line LM, which meets 
ABinM below the vertex, be- 
ing given in poſition and mag- 


: nitude + to deſcribe a parabola . 


which may paſs t through the 
point L, and in which the 
ſtraight line LM may be ordi- 
nately applied to the diametes 


AB. 
| Through 1 vertex A draw AC parallel 


to LM, and let DE be a third proportio- 


nal to AM, ML; and, according to the 
preceding prapallieicat, deſcribe a parabo- 
la which may. have AB for a diameter, and 
DE for the parameter of AB, and which 
AC may touch in the point A: then, be- 
cauſe ML is parallel to AC, it is ordinately 
applied to the diameter AB; and becauſe 
AM, ML, DE are proportionale, the 


ſquare of ML 1s s equal to the rectangle 
n . 2 contained 


a ot AW Mr he? od ˙» mage; rand ah. 1 ee. = 
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contained by the abſciſſa AM, and DE the pas 


rameter of the diameter AB; and therefore 


the n ny cor. 1 * wg in the Aenne 


4 


PROP. Xx. res. 


A diameter of a parabola, and the Ne 


vertex of that diameter, being 


given in poſition, and the Jatus 


reFum of the ſame diameter be- 


g ing given in magnitude, and a 
point in the parabola being gi- 


ven; to deſcribe the parabola. 


Let AB be the diainerer given in poſi- 


tion, and A its vertex, in AB, and above 


the vertex A, place the ſtraight line AC e- 


qual to the given latus rectum; and let D 
be the given point in the parabola. Sup- 
poſe what is required done; and let AD 


be the parabola to be deſcribed: and ha- 


ving drawn the ſtraight, line AE touching 


it in A, and meeting the diameter drawn 


through D in the point E, complete the 


parallelogram AEDF : therefore DF is or- 
dinately applied to the diameter AB; and 


therefore the ſquare of DF, or AE, is e- 


qual to the rectangle FAC: as, therefore, 


pf FA 
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Baer n bo AE, ſo is AE to AC; nd: 
they contain the equal [29.. 1. Elem.] 
angles DEA, EAC ; therefore the triangle 
DEA is anianirder to the triangle EAC: 
and thus the angle AEC is equal to the 
| angle EDA, or FAD. If, then, upon AC 
_ a ſegment of a circle be Jeferibed, contain- 
ing an angle equal to FAD, the point E 
will [converſe of 21. 3, Elem. I be in the cir- 
cumference of this ſegment. But the angle 
FADi is given, becauſe FA, DA are 126. dat.) 
Ziven in poſition ; therefore the angle AEC 
is given: and AC is given in pofition and 
magnitude; therefore the ſegment AEC 
18. def. dat.] is given in poſition. The 
point E, chen, is in the eircumference of 
a eircle given in poſiti ition; hut it is alſo in 
the ſtraight line DE which is given in po- | 
ſition; the point E „ therefore, i is given: 
and the point A ig given: therefore the 
ſtraight line AE is given in poſition. It is 
poſſible, therefore, to deſcribe 18. 1. ] a 
parabola which may have AB for a dia- 
meter, and AC for the /atus rectum of AB, 
and which AE may touch in the point A. 
In order to the compoſition, it is re- 
0 quired, that a ſegment of, a circle con- 


taining an ang ch to FAD, be deſeri- 
bed 


3 
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bed upon AC, and that a ſtraight Une 
3 drawn through the point D, parallel to AB; 
meet the circumference of that ſegment, 
But theſe conditions it is ſometimes” im- 
poſſible to fulfil.” Hence t ths Fee e can- 
08 always be ſolved. 50 


When the fraight nde een through - 


D parallel to AB, is a tangent to the ſeg- 
ment; the problein admits'of only one ſo- 
lution *. The parabola, and Tatus rectum of 
the diameter AB, which ſolve this caſe, are 
determined, if à parabola be found ha- 
ving AB for a diameter, and A for the 
vertex of AB, and which paſſes throu gh | 
the point D; and if the latus rectum of BA 
be ſuch, that a ſegment of a circle deſeri> 
bed upon it, when placed above A, and 
in the Arectiön of AB, may contain an 
angle equal to BAD; and that a ſtraight 
line drawn through D, ſo as to be parallel 
to AB, may touch the circumference of 
that ſegment: fuppoſe what is required 
done: let AG be the parameter of the dia- 
meter AB; and upon AG let the ſegment 


* a circle nne an angle 2 P 


ai 2 * 17 | 6 — 
* 10 all caſes in whic h t the graight line drawn 1 
D parallel to AB cuts the circumference of the ſegment. 


1 two — the problem admits of two ſolutions. 


F 2 the 


| 

| : 
SH 

| 
| 


circumference of the circle, the ſegment 
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the angle BAD, or ADE, be deſeribed; | 
and let the ſtraight line DE parallel to 
AB touch the circumference of that ſeg- 
ment in H, and join AH, GH: ſince, 
then, the angle AD is equal [g2. 3. E- 
lem. ] to AGH in che oppoſite ſegment, 
and that, according to the hypotheſis, the 
angle ADH is equal to AHG; the triangles 
ADH, AHG are equiangular: the angle 
DAH is, therefore, equal to HAG: but 
the an gle DAG 3 is given; and, conſequent- | 
Ip, its half DAH is given: and the ſtraight 
line AD 1 is given in paſition; therefore AH 
alſo is [ 29. dat. ] given in poſition; ; the 

Point H too is given, where AH meets DE, | 
given i in poſition; ; and che angle AHG 15 
given; hence HG is given 29. dat. in 
poſition ; and therefore the point G is gi- 
ven: hence the ſtraight, line AG is Siven 
in magnitude: 1 ſince, then, AG in the 
parabola, which paſſes through. the point 
P, is the /atus rectum of the diameter AB, 
of which A is the vertex; ſince a ſtraight 
line touching the parabola. in the vertex of 
the diameter AB, meets, as hath been pro- 
ved, the diameter drawn through D, in 
the point where this diameter meets the 


of 
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of which, deſcribed upon the latus- rectum 
of the diameter, paſſing through A, con 
tains an angle equal to ADH and finee, 
in the preſent caſe, the diameter DE meets 
the circumference of this ſegment in H; 
HA touches the parabola in A: and AB, 
AH being given in poſition; and AG gi» 
ven in magnitude, the parabola, accor 
ding to the 18th propolition,” Der bs ys | 
_ 5 compoſition of this eals is as 40 7 
lows: Join AD, and through D draw DS 
parallel to AB ; to DE draw AH, biſect⸗ 
ing the angle DAG; and through H- to 
AB draw HG, making the angle AHG e- 
qual to ADH or DAB; and let a parabola 
be deſcribed which may have AB for a 
diameter, and AG for the latus rectum of 
AB; and which AH may |[ 18. 1.] touch in 
A: this parabola will paſs through D, 
and DH will touch the circle deſcribed a- 
bout AHG. Draw DK parallel to AH; 
and fince the triangles DAH, AHG are 
iſoſceles and equiangular, DH, HA, AG, 
and conſequently KA, KD, AG, are pro- 
portionals ; the ſquare of DK is, therefore, 
equal to the rectangle KAG; and DK is 


= parallel to the tangent AH: "hence the 


point | 


— — „ 
= 
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point D is in the [x cor. 13. 1. e 
and bebauſe the angle AHD is equal to 
AGH in the oppolite ſegment, DH touch- 
es [conv. 32. 3 Elem.] the circle in H. 

It remains to be inquired, whether ths 
parameter AG be greater or leſs. than the 


parameter of the diameter AB in any other 
parabola, having AB for a diameter, and 


A for the vertex of AB, and which paſſes 
through D. Let there be any other para- 


bola admittin; 8 of theſe conditions; ; and 
let AE touch it in A, and meet the diame- 


ter paſſing through D in the point E, and 
the circle GHA in L: having joined LG, 
draw EC parallel to it; dra; W. alſo DE, pa- 


rallel to EA; DF, therefore, /j is ordinately 


applied to the diameter AB: and becauſe 
. "the angle ADE. is is equal to; [the angle AHG 
| _ or ALG, that is, to AEC, and chat the 


angle DEA! is equal to EAC, the triangle 


EDA is equiangular to the, Sac AEG;; 
therefore the ſtraight lines DE, EA, AC, 


that is, AF, FD, AC. are proportionals; ; 


the ſquare of DF is, therefore, equal ta 
the rectangle FAC: and, for this reaſon, 
AC is the Parameter of the diameter AB in 


this parabola. And. becauſe. DE touches 


the circle } in H, AL is leſs than AE; and 
2 . . e 
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therefore AG is leſs than AC: therefore 


AG is the leaſt of all the poſſible parame- : 


ters of the diameter AB, in parabolas 


which have AB for a diameter, and A for 


the vertex of AB, and which paſs through 
D. After the ſame manner. it may be 
ſhewn, that in any parabola whatever, 
which anſwers the conditions of the pro- 
poſition, the latus Tetum” of the diame- 
ter AB 1s greater or leſs, according as the 
tangent drawn through, A, and fituated on 
either fide of the tangent AH, 1s more re- 5 
mote from, or nearer to, the ſame AH. 

— proceed 1 the mpoſition of what 
was analyſed ii in che Fes caſe : If the pro- 

poſed Paratneter be equal to AG, found in 
the miantier above mentioned, the parabo- 
la, as "hath been ſhewn, may be deſcri- 
bed, * aud will be the only otie that can 
fulfit what is re: quired in the problem. If, 
next, the 12 parameter be leſs than 
AG, ir is'ittp ſſible to conſtruct the pro- 
blem: or if the propoſed parameter, for 
example, AC, be greater than AG; upon 
AC deſcribe the ſegment of a circle con- 
taining an angle equal to ADH, or DAB; 
and fince DH touches the circle AHG, it 
une N12 the e deſcribed upon AC 
in 
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in two points: let E be one of them; _ 
join AE; and let a parabola [18. 14 de 
deſcribed, having AB for a diameter, and 
AC for the parameter of AB, and to which 
dhe ſtraight line AE may be a tangent; and 
draw DF parallel to AE; then it may be 
| 85 ſhewn, as above, that DE, EA, AC, that 
i, that AF, FD, AC, are proportionals ; 
Z that the ſquare of DF is, therefore, equal 
to the rectangle FAC, contained by the ab- 
ſciſſa FA and the parameter AC; and 
that, conſequently, the parabola paſſes 
through the point D. The ſame. thing 
| may be demonſtrated with regard to the 
| other parabola, which has for a tangent 
| the ſtraight line joining A, and the other 
| point of interſection e. And as, in the in- 
veſtigation of the problem, it has been 
| proved, that. the angles GAH, HAD are 
| equal; the angle AK is, therefore, equal 
| to ADK; and, of conſequence, AK is e- 
| dual to AD: but AG is a third propor- 
| tional to AK, KD, or to AD, DK; chat 
| 
| 
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is, the leaſt. parameter is a third propor- 
tional to the ſtraight line which; joins the 
vertex of the diameter given in poſition 
and the given point; and the ſtraight line 
which is drawn from the ſame point to 
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the diameter, ſo as to cut off from the Mi | 
meter a Jegmens eqn! 1 mA firſt aper. 5 
tional. Un 57 eee | 


2 * * Is : s 
WW $ ; &- 5 uh $a ef 4 25 
e 7 | : ig 5 


7 ; TOY nine - is | in, * lap 5 
— of Apullonins __ pope s mg 33 
n E 92 | 

Vn. I a tra line aeg ay 1 8 
point and the eircumference of a circle 
not in the ſame plane with the point, be 
produced from the point in the oppoſite 
| direction, and then, while the Point Te- 

mains fixed, be carrieq round in the- di- 

rection of that eireumference till it re- 

turn to the place from which the motion 
has, commenced; by the revolution of that 
ſtraight line, a furfare, named the conical 
 furface, and which conſiſts of two ſurfaces 
connected together at the fixed point, will 

be deſcribed. The two connected ſurfaces 
may each of them be infinitely increaſed, 
if the ſtraight line with which they are de- 
ſeribed be produced boch ways: to an infis 
nite ws BL 

IX. The fixed point is {named the 
vertex of the conical ſurface, 
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3. X. The ſtraight line drawn through 
the point and the centre of the cirele is 
| named D | 
4. XI. The figure Aarne by 5 
tired, and the ſi urface which is intercept- 
ed between the vertex” and the circumfer- 
ence of the circle, is named the cone. 
5. XII. The ſame fixed point, which 
is the vertex of the mer of the _ is 
named the wertex of the cane. 
6. XIII. The ftraight line Amen bus 
the vertex to the centre of the circle, is 
named the axis of the cone. 
7. XIV. And the circle itſelf is named 


the baſe of the cone. | 
8. © XV. Cones which tk heir axis 


at right angles to the baſe, are med 


right-angled cones. _ : 
9. XVI. And cones which . not 


-—— their axis at right angles 0 the baſe, are 
| n Sealene £9 comes. 


: : 4 
. fo * 


nd lines d drawn "TEN nt ver- 
tex of the ſurface of a cone to 
points in that ſurface, are in 


_ that ſame furface. z 
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Let there be the ſurface of a cone: let Fig n 
A be its vertex; and having taken any 
point B in that ſurface, join ACB : * 
ſtraight line ACB i is in that ſame ſurface. 
For, if poſſible, let ACB not be in the 
ſurface of the cone; and let DE be the 

ſtraight line with which the cone is deſcri- 
bed, and the circle EF the baſe; and if DE 
be revolved in the circumference of EF, it 
will paſs through the point B; and thus 
two ſtraight lines ACB, AGB will have 
the ſame extremities: which is abſurd. 
Therefore the ſtraight line drawn from the 
point A to B, is not without the conical 


ſurface; therefore it is in that „ 


| ah R. A fraight line: ae BI _ 
| vertex of a cone to any point within the 
ſurface, falls within the ſurface; but if 
drawn from the vertex to any point with- 
out the furface, i it falls without the fur- 
face, | 


* : * ; 4 — 
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If 2 cone be. cut. by 2 plane paſ- 


25 _ through its ne oe ſec- 
tion is a p [cro . 


AA Hank he: a cone which has ths pokes 


A for its vertex, and the circle BDC for 


its baſe; let it be cut through the point A 


by any plane; and ler the ſections me 


in the ſurface be the lines AB, AC,. 
the ſection in the baſe the ſtraight [. 3. 11. 


Elem. ] line BC; ABC is a triangle. 


For ſince the ftraight line drawn PR 


the point A to B, is both in the cutting 
plane and in 21. 1. ] the conical ſur- 


face, it is the common ſection of the 


twa ; therefore the ſection AB is a ſtraight 
line: for a like reaſon, the ſection AC is 


a ſtraight line; and BC too is a ſtraight 


line: therefore ABC is a FI 48555 


PR OP. XXI. br 4. B. 1. Apoll. 


If either of the ſarfaces at the ver- 
tex be cut by a plane parallel to 


* 
” By d * " 
F : 2p F ». £ 
7 4 4 0 Y : " 
S 1 — . ? , 


\ 
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EN "the circle in the circumference 
of which the ſtraight. line that — 

- deſcribes the conical ſurface is. 

_ revolved; the plane incloſed 

within the ſurface is 2 eirele 
having its centre in the axis; 

75 and the figure contained by 


| this circle, and that. part of the 
conical furface Which is inter- 
cepted between the __ 


plane and the vertex, ts a one 


1. tr 


Let wie 4 a ' dehiieat 1840 ella 2 Fig 1 * 


| tex of which is A, BC being 'the circle 
in the circumference of -which the ſtraight 


line which deſcribes the furface is revel- 


ved; let it be cut by any plane parallel to 
the Lirvle BC, and let this Plane make in it 


a ſection DLE the line DEE is the cir- © 


cumference of a circle the centre of which 
is in the axis, Take the centre of the 
eirele BC, and let it be F; join AF; AF, 
conſequently, is [def. 10.] the axis, and 
meets the cutting plane; let it meet it in 
G; next, let any plane paſs through the _ . 
fame AF; and the ſection made by this 
oat 
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plane will be [22. 1.] a triangle ABC. 
And becauſe the points D, G, E are both 
in the” cutting plane DLE, and in the 
plane ABC, DGE is Tz: F.. Elem.] a 
ſtraight line. 
take any point H; join AH, and produce 
it; AH then will meet the circumference 
BC; let it meet it in K, and join GH, 
FK : And becauſe the two Aale planes 
DLE, BC are cut by the plane ABC, their 
[16. 11. Elem] common ſeRtions with it 
are parallels: DE, ; conſequently, is paral- | 
lel to BC: and, for the ſame reaſon, GH | 
| is parallel to FK: therefore, as AF to 4. 6. 
Elem.] AG; ſo is FB to GD, FC to GE, 


| gain, in the line DLE 


and FK to GH; and the chree ſtraight 


5 lines BE, KF, CF, are equal; therefore 


the three ſtraight lines DG, GH, GE 
| [14+ §. Elem,] are alſo, equal. After the 


ſame manner it may be demonſtrated, that 
any other ſtraight lines whatever, 212 


from the point G to the line DLE, are 


qual. The line DLE is, therefore, = 

circumference of: a circle Having 1 its centre 

_ the axis. 5 5 | 
400 K. The FORK: cm 1 by the 8 


DLE, and that part of the conical ſurface 
which 


48 
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which is intercepted between this + circle 
and the point A, is a cone; and the com- 
mon ſection of the cutting plane and the 
triangle paſſing through _—_ is a _ 
meter r of wy circle DLE. eee * 


8 E 
. 1 e * 
4 . K a . 1 Y 


* 


PROP. XXIV. [Fink 5. . . ee 


If a ſcalene cone out through the 
axis by a plane at right angles | 
to the baſe, be cut alſo. by ano- 

| ther plane at right angles to the 
- triangle paſſing through the 
axis; if this other plane cuts 
off, Aer the vertex, à tri- 
angle ſimilar to the triungle 
through the axis, but ſubcon - 
0 ; trarily ſituated; ; the ſection made 
in the cone by this other x plang. 
218 a circle. „% e e ner 


1 


* chere be a gelen cone, the vertex. Fig. 14. 


of which is the point A, and the baſe the 
circle BC; let it be cut . the axis 
by a plane perpendicular to the baſe, and 


* the en be che 1 ABC; let it 
be 


— — en I ts 
* my 2 * 
« 


but ſubcontrarily ſituated 3, aid let the | 


be alſo Age ene ak 
to the triangle ABC; and let this other 
plane cut-off, towards the vertex, the tria- 
angle AG K ſimilar to the triangle ABC, 


ſection made in the ſurface be the line GKH : 
Ly line is the circumferente of à circle. 5 
In the nes SHK, B take certain 


points H, L. from which; let perpendicu: 


lars be drawn to: the plane of the triangle 


ABC; theſe perpendieulars will [38. 11. 


Eleni] fall on the commoti ſectiens of the 
planes: accordingly, let them be HF; LM: 


HF, therefore; is parallel to 6. 11. Elem. ] 
ILM next? through F draw DFE parallel 


to BO: the plane, therefore, -which - paſſes 
| through FH, DE. 7 36: parallel to the [15.11 


Elem, ] baſe of the cone; and, for this rea- 


ſon, the ſpction DIE is 23. 1] a cirele,. 


of which DEis a dikmeter: the rectangle, 


"> 4 


_ therefore, contained by DE,, FE. is equal 
to the ſquare of FH. And ſince ED is pa- 


7 2 to BC, the angle ADE 1 13 equal to the 


gle 4 ABC; and the angle AK G is placed 
E 00 che e en eee the, 
„. d. Hi 02 9g &i 

* F is . D. ck i is wo by 6 pla- : 
 ced,” chat it may make the angle AKG, and not the | 
angle AGK, W ABC. #33 % - 
Al T0 | . | angle 


angle AK O is uſe 


DEG us ſimilar to the triangle KFE: there» 
fore as EF to FR, fo is GF to FD; there; 


EKF, 7 is equal to the ſame” ſquare of _ 


lige-whatever, drawn from the line GHK, 

fo as to be perpendicular to GK, is equal 
to the rectangle c contained by the ſegments 
into which chat ſtraight line divides the 
farce GK: the ſection GHK i 1s, therefore, 
a cirele having GK for a diameter het 

A ſection of this kind Ws be named 
| ct iis hae 


ws 


PROP. XXV. 


= it 2 cone cut through the axis. by © 
; "I plane, be cut likewiſe by ano 


* 
8. 


8 he le placed at ke end of thi book. 
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equal 00 ABE ud che 


angles at F are equal, for they are oppo- 
ſite vertical angles; therefore the triangle 


PH. IRE. may, in like manner, be demon- 
ſtrated, chat the” ſquare of any ſtraight 


fore the rectangle EFD is equal to the rect- 

angle KFG.' But the rectangle EFD, (that 
is, tde rectangle contained by DF, FE,) has 

been proved to be equal to the ſquare of 
FH; therefore the rectangle contained by 


\ 


58 cone. SECTIONS: | 


ther plane, cutting its 2 
the direction of a ſtraight line 
ofa Pepe er to the baſe of the 
5 triangle paſſing through the 
axis; and if the common ſection 
of the triangle through the axis, 
and of the plane cutting the baſe 
of the cone in the direction of 
the perp pendicular, be p parallel to 
20 one of the fides of the riangle 
through the axis; 
.- which is the common ſelene of 
Vn the baſe-cutting Plane, and tlie 
conical ſurface, is '4' parabola 
_ Javin nig for 2 e he ; 


raight line: "Which ; 1s. the, com- 


Irin 


Won ſection f the triangle 
thr ongh the. axis, gand the ſame 
baſe- eutting plane. 570 Hp 9417 2 
19 een e 21511 cr 2A 6 
Let there be a ene, che 3 
is the point A, and the baſaiths eirelr BC; 
let it be ent ſthrxugh The axis/by)a plane, 
nd let the ſectionche cher triangle ABC; 
dee N JIS 20 03 ea Jet 
19587 oe 


— 


dock l. Tr r Pa RAB et N 
let it be alſo cut by another plane, eutting 
| 4ts baſe in the direction of the ſtraight line 
| DE perpendicular to 'the ſtraight” lde BC; 
let the line DFE be the ſection made in its 
ſurface; and let FG, che common ſection 
of the triangle through the axis, and that 
other plane, be parallel to A, one of the 
ſides of that triangle: the line DEE) is 2 
a parabola, and FG ond of its dlamieters. 
In, the ſaction DEE, take any point H, 
and through H/draw HK parallel to DE; 
produce HK to FG; and through K draw 
IM parallel 'to BC: therefore | the p 9 5 
paſſing through HEK, EM is [1 1 rh 
lem.] parallel to the plane through. Spiel 17 
that is, to the baſe of the cone: and, 22 | 
. 9 46 tho plane thrqugh HK, ELM is a 
[23.1 ] circle of .x which LM is a diameter. 
But HR is perpen ndicular t to LM, fi 
Flem., beethſe DE is perpendic 
BE:| therefore the rectangle LK M is equal | 
to the ſquare of HK 38.13. Hem.]; and, 
in like manner, the rectangle BG is equal 
to the ſquare of DG cherefore the fquare —_ 
of DG is to the ſquare ef HR, as the rect- 
angle BG to cke rctaEEIe TIM; und GC 
is equal to KM; cherefore the rectangle 
BGG is to the rectangle LEM, as BG to 
V _ 


. 5 * 
n 
— * A 


* co 8 ECT LON: | 


LK, that is, as GF to KF; therefore th 
 Jquare of DG is to the {ſquare of HK as the 
' ſtraight line GF to the ſtraight line KF, 
Let, therefore, a parabola [19.1.] be deſeri- 
bed, whichmay have G for a diameter, and 
FP for the vertex of GF, and in which DG 
may be ordinately applied to the ſame GF: 
and becauſe the paint D, by conſtruction, 
is in the parabola deſcribed, the paint His 


_ kkewiſe in this fame: parabola 2 cor. 13. 1.], 


7 And the ſame” 1 may be "demonſtrated | 


- 
* 
4 ” 
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The fund pant e as it # | 
extant itt the fort: hog! bal Tamas 
nins's Conic Sections," 


By . Let ABC be a line, and let AC be 


a ſtraight line given in paſition ; 
and- let all the ſtraight lines 
| Arawn from the line ABC, ſo 
7, 88, to be at right angles to AC, 
he ſuch, that each of them may 
have its ſquare equal to the roct- 
er contained * the ſegments, 
| into 
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into which it cuts AC; ABC i 18 


che rircumference of Leine, and 5 
AC a diameter of that circle, | 


ER 10 | 
From FR points D, B, e 
culars DF, BG, EH; then che ſquare, of, 
DFC 18 equal to the rectangle AFC, the 
ſquare of BG to the rectangle AGC, and 
the ſquare of EH to the rectangle AC. 
Biſect AC in K, joining KD, KB, KE: 
then, ſince the rectangle AFC, together 
with the {ſquare of FK, is equal LS. 3. E- 
lem. ] to the ſquare 'of AK, and that the 


ſquare of DF is, by hypotheſis, equal to . 
the rectangle AFC; the A1quare of DF, to- 


_ gether with the ſquare of FK, is equal to 

the ſquare of AK: therefore the ſquare of | 
DK [47. 1. Elem.] is equal to the fame 

ſquare of Ax: AK, therefore, is equal to 
KD. In like manner, each of the ſtraight 
nes BK, EK may be proved to be equal 
to AK or KC; therefore ABC is the cir- 
cumference of a cirele which has the point 
K for its centre, and 1s deſeribed n 
AC a a diameter. h 
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Lk N eo points Di E, takeh ins a plans 


plied to;the ſtring, and held ſo as to keep 
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are fined the ends of a ſtring; the- 


between theſe points. A pin H ap- 


it pniformly tenſe, is moved round, till 


tion has.cqmmenced; The point of the pin; 


as it moves round, deſeribes g che 
4 a line named the ELLITSssJ zt. 


II. The n D, E are named the foci, 
1 . . 
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1. The plot — 22 


of the eli aſe. 


IV. ä ieh at” 


centre, and terminated both ways by the 


_ ellipſe, is named a diameter; and the 
points where a diameter meets the ellipſe, 
are named the vertices of that diameter. _ 
V. The diameter which paſſes through 
the foci, is named the greater axis, © * 


VI. The diameter erpendieular to the i 


greater axis, is named the IH aνỹtp * 


VII. Two diameters, each of which bi- ; 


ſects all ſtraight lines in the ellipſe that 


are parallel to che other, are named conjur 
2 eee, e 17755 


the centre, but terminated both ways by 
the ellipſe and biſected bx 4 diameter, is 


id to be oruinately applied to chat diame- 


ters Bx it is named; fimply, an ordinare to 


diameter. Alſota diameter parallel to 
4 Nraight line ondinately applied to ano- 


then diameter / is ſaid to be ordinareiy A 


pls to that other diameter. 10% 451 
IX. A third iproportioial to two” conjus 
| gate diameters'is Hamed "the larur rethum, 


: £p034 +44 bye, $83 I © IF 25 . "$51 oe oft T-- or . 
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Fig. 1. 
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FS the porumeter, of that tate; a 
is che aft af the three proportionals. Bertl 
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X. A ſtraight line which meets the dls 


hpſe 1 Pa to Suck it 
1 ref Bü S 


8 4 i 14 : 4d Doi 4 Shi {4449 


r trai High AE ts m 
an ellipſe. ts the tos 


che greater axis... 
cher to 356: D OW 1 ny 7 
"BD. Ik daun Hom H. a. point in an 
ellipſe, to the foci D, E, are WF fr 
qual to AB the greater axis. Oy 
- Becauſe H is a point in the ellipſe, HD; 
HE are together. equal to the length of the 
ſtring with: which. it is deſcribed,;, and ber 
cauſe the point A 1 is likewiſe in the ellipſe, 
DA, EA are together equal to, the length of 
the ſtring. For a like reaſon, EB, * 
are together equal to the 
DA, EA are, therefore, equ 
Take away the common part DE... _ the 
remainder, to Wits, twice AD, will be e- 
qual to che remainder twice RB, AD, 
| therefore, is equal © to EB. b 4 the. com- 5 


2 N x ; 
f [ * YE 
V pu S i * 
b 5 : 


271 4 -- 17 * 


Book II. THE ELLIPSE 6g 
won part AE; and AD, together with AE, | 
| will be equal to the greater axis: but AD, 
together with AE, is equal to the length of 
the ſtring, that is, to HD together with 
HE; therefore HD and HE are nber 
Nec to the greater axis AB. 1 


rr: 


cok. 1 i The greater axis i 15 biſected in 
the centre "35 For fince [def. 3.] DC is e- 
qual to EC and that * 10 equal to EB 
& is equal to CB. fiat < 
| Cor. 2. Two Nraight 4 8 Sen 2 
a point without an ellipſe to the foci, . 
together greater han the greater axis; but 
if drawn from a point within an ellipſe to 
the foct, they are Loa IO _—_ 
leſs thanthat axis. * 
| Hon. 3. N point a in, Jen Gary 
or within, an ellipſe, according as two 
Qraight lines: drawn from it are either e- 
qual to, greater, or zelt W che 5 1 58 
axis. i not 720 
Con 4. The diſtance of i vertex G 
| of (the leſs atis from either of the foci, is 
equal to Ralf the greater axis. Join GD, 
GE: then, becauſe CD is equal to CE; 
( common, and the angles at C right 


1 . the triangle CDG 3s equal to the 
3 1 — angie 


4 


Fig. r. 


8s CONIC SECTIONS. | 


triangle CEG; therefore DG is eg to 
EG: but DG and EG are together equal 
to the greater axis ; therefore each of . 
is equal to the half of it. 
Con. 5. The leſs axis FG is biſected 
in the centre, Draw ſtraight lines DF, 
DG from the focus D to the vertices of the 
leſs axis; DF, DG, by the preceding co- 
rollary, will be equal; the angle DHC is, 


| therefore,” equal to DGC, and DCF, DGG 
are right angles; therefore CF is 1 1. 
Elem.) m_— to CG, | 


PROP. II. Taxon. 


5 The ſquare of half che leſs axis is 


equal to the rectangle contained 

by the ſegments of the greater 
axis, intercepted between the 
_ vertices of the greater axis and 
either of the foci. 


From either focus E to either vertex G 
of the leſs axis, draw the ſtraight line GE; 
let C be the oentre of the ellipſe, and A, B 


the vertices of the greater axis: then the 


| Fquares of GC, CE are together equal to 


the 20 of GE, that is, to the ſquare 
bh care 
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[4 cor. I, 2. of CB, chat i is, to the rect- 


angle AEB together with the ſquare of 
EC [5. 2. Elem.]: take away the common 


ſcquare of CE, and the remaining ſquare 2 
of GC will be wen to hen TY 


| . 2 


en anne 


Every. diameter of an ellipſe i 18 bi⸗ . 


ſeed i in the centre. 


| 40 HK. be a diameter; it is biſected 1 
in C: for if CK be not equal to CH, let 


Ck be equal to CH; and. from the points 


H, K, & draw straight lines to the foci 


D, E: then, becauſe CD is equal to CE, 


and that C is placed equal to CH; the 


triangle DCH is equal to the triangle EC, 


the ſame manner, is equal to D&: there- 
fore EK, DK are together equal to DH 
and HE together, that is, to EK and DK 


together: which is [2 1. 1. Elem.] n z 


ee CH is en to CK. 


and the baſe, DH to the baſe EK. EH, in 
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z P a Araight line * Pray from. a 3 


Fig. I. 


point in an. ellipſe, ſo as to be 


4. 


at right angles to the greater 


axis; if another ſtraight line be 
INDE. from the fame point to 


the nearer (to this point) of the 
foci; half the greater axis is to 
tlie e of this focus from 
the centre, as the diſtance be- 


tween the centre and the per- 
pendicular is to the exceſs of 
half the greater axis above the 


ſtraight line drawn to | this ſame 
| CU: e ee 


renn H, a 1 in an HY os Hk 
be drawn perpendicular to the greater axis 
AB; HE being drawn from the ſame point 
to the focus E: CB, the half of the great- 
er axis, is to GE, the diſtance of the focus 
E from the centre, as CK, the diſtance be- 
tween the centre C, and the perpendicular 

| 1 is to the exceſs of CB above HE. 


. 5 * 


— oy n 5 0 . „ .. "IR: ** * 6 . oy 7 
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1 Having made BI. equal to EI, and 
dran HD to the other focus; deſcribe 
from the centre H, diſtance. HE, a circle 
meeting the axis AB again in O, and the 
ſtraight line DH in the points M, N: then, 
becauſe DE is the double of CE, and Ok the 
double of [3. 3. Elem.] KE, the whole, or 
the remainder DO, is double the whole, or 
the remainder CK: and becauſe DN is e- 
qual ro DH together with HE, that i is, to 
{1. 2.] AB, DN is the double of CB: but 
MN is the double of HE. or LB; therefore | 
the remainder DM is double the remain- 
der CL: and becauſe of the circle, the 
rectangle NDM is [cor. 36. 3. Elem.] equal 
to the rectangle EDO; therefore, as [ 16. 6. 
: Elem.} ND or AB to DE, fo is DO to DM: 
but the halves of ' magnitudes have the 
fame ratio to one another which the wholes 
have; as therefore CB to CE, ſo is CK to 
GE; an Exceſs | of CB e * or 
1 


Con. 1 . in a © might line AB gien in 


poſition and magnitude, and biſected in 
C, a point E be taken, between the points 
B, C; and from the point H, KH be 
drayn — to AB; ; and HE be 
| Joined, 


„ CONIC SECTIONS: - 
joined, and BL placed equal to it __ 


the point C; and CL, *CK, CE, BC. be 
ꝓroportionals, and L, K be on the ſame 


ide of C ; the point H is in an ellipſe gi- 
ven in poſition, that is, in an ellipſe that 
has AB for the greater axis, and the * 

E for one of the foci. 


eee 


in the firſt definition, deſcribe an ellipſe 
that ſhall have AB for the greater axis, 
and the points D, E for the foci; the point 


H will be in chat ellipſe: for, if not, let 


EKH meet the ellipſe in the point Q; join 
. EQ , and make BR equal to it: therefore, 


by the propoſition, as CR to CK, ſo is CE 
to CB: but, by hypotheſis, CL is to CK 


as CE to CB; therefore CR is to ck as CL 


to CK. : CL, therefore, is equal to CR; 
which is abſurd: the ellipſe, therefore, 


meets not the ſtraight line KH in Q; nor, 
as may in like manner be proved, does it 


meet HK any where on the ſame fide of 
AB but in the point H. It therefore os 


1 5 through RIGA, 


. 1 9 4 4, | 4 7 8 
4 „ Tas EuLiesn, 
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Tuxer. | 


PROP. 


| The fame. ast remaining 5 

if there be placed from the near- 
er (to the point taken in the el · 
lipſe) of the vertices of the 


- greater axis, and towards the 
centre, a ſtraight line, equal to the 


ellipſe and the nearer of the fo- 


cular is equal to the exceſs of 


the rectangle contained by the 


2 


ſegments into which the ſame 
perpendicular divides the greater 
axis, above the rectangle con- 


tained by the ſegments inter- 


diſtance between the point in the 


ci; the ſquare of the perpendi- 


cepted between the point where 
| the placed line terminates to- 


wards the centre, and the Wei: 5 


wards the centre C, let BL be placed e- 
a 


* 


From B, 5 nearer (to the point H) of Fig. 1. 
the vertices of the greater axis, and to- 


n. 1. 2. 


nn co SECTIONS: ; Jos 
qual to HE; the ſquare of the Fez 
lar HK ;n. camel; to the exceſs of the rect- 
angle AKB, contained by the ſegments ” 
into which HK. divides. the greater axis, 
he rectangle. DLE, contained by 
zent intercepted between I., where 
BL terminates, and the foci D, he . 
Por ſince the ſtraight line CB is cut into 
any two parts in the point L, the ſquares 
of BC, CL are together equal [7. 2. Elem.] 
to twice the rectangle BCL, together with 
the ſquare of BL, that is, to twice pre- 
ced. prop. and 16. 6. Elem.] the rectangle 
ECK, together with the ſquare of BL, or 
HE, that is, to twice the rectangle Eck, 
together with the ſquares of KE, KH, that 
is, to the [. 2. Elem.] ſquares of EC, CK, 
and KH together: the ſquares, efore, 
ef BC, CL are together equal to the _— 
of EC, CK, and KH together: but the 
| ſquares of BC, CL are together equal [ 5. 2. 
and 2. ax. Flem.} to the rectangle AK, to- 
gether with the ſquares of CK, CL; and 
the ſquares of EC, CK, and KH are toge- 
ther equal [S. 2. and 2, ax. Elem.] to the 


rectangle DLE, together with the ſquares 


- of, CL, CK, KH; therefore the rectangle 
waſhing e with the ann, of * 


gether with the ſquares of CL, CK, KH: 
from theſe equals take away the common 
ſquares of CK, CL, and there will remain 


the rectangle AKB, equal to the rectangle 


; DLE, together with the ſquare. of HK: 


therefore the ſquare of KH is the exceſs of 


the en, A e e . 
— 


* i ; 
þ ” 
Vs ; * 1 i ” . | . 


| point of an ellipſe, ſo as to be 
parallel co either axis, and to 


meet the other axis; the ſquare 


of the axis it meets is to the 
wy ſquare of the other to which * 
RF parallel, as the rectangle con- 
4 tained by the ſegments of the 
axis it meets is to its own. 
— ſquare. be” N 


In the ple let 1 be the point- From Fig. 1. 
wth the ſtraight line 1 is drawn A u. 1. 2. 


to either axis, Ke 37 | 
VHirſt, let HK, drawn from the point H, 
K — 


Book LE Tus l 7 
CL, are equal to the rectan 8 DLE, tor 


ETITA vi. Turok. 1 = | 
If a  fraight line 5 drawn from © 


- 


| \ ; } Z 6 f #8 
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be parallel to the leſs axis FG, and meet 

AB the greater in K; the ſquare of AB is 

to the ſquare of FG as the rectangle AKB 
to the ſquare of HK. Having drawn to 

the foci D, E two ſtraight lines HD, HE, 

place, from the vertex of the greater PER 

and towards the centre C, the ſtraight line 


BL equal to HE the leſſer of them; and 


| becauſe CB, CE, CK, CL are [4. 2 ] pro- 
portionals, their ſquares are alſo propor- 
tionals: but the ſquare of CB is [5. 2. E- 
lem. ] made up of the ſquare of CK and the 
rectangle AKB; and the ſquare of CE of 
the F. 2. Elem. ] ſquare of CL and the rect- 
angle DLE; therefore the fquare of CB is 


175 [19.: 5. Elem. ] to the ſquare of CE, as the 


remaining rectangle AKB to the remaining 

rectangle DLE; and, hy converſion, the 
ſquare of CB is to the rectangle AEB, as 

the rectangle AKB to its exceſs above the 
rectangle DLE, that is, as the reQangle 

AKB to |preceding pepe! the ſquare of 
KH: but [2. 2.] the rectangle AEB is e- 
qual to the ſquare of CF: as, therefore, 
the ſquare of CB to the ſquare of CF, ſo is 
the rectangle AKB to the ſquare of KH 
the ſquare, theretore, of AB is to that. of 


ak. at 


bock. 1 HE ©: © L L 1 Pp s . TY : 73 - 


| FG, as the ane AKB to, he; en 


of HK. 0 $79 5. 
e ee let Hp be hs raight 


ling drawn from the point parallel to the 


Fig, fo 
n. 1; 2. 1 


greater axis, and meeting the leſſer in P; 
the ſquare of FG is to the ſquare of AB, 


&. The ſquare of CB, as hath been pro- 
ved, is to the ſquare of CE, as the refs 
angle AKB to the ſquare of HK or PC: 


therefore the ſquare. of CF [prop. B. and 


19. 5. Elem.] is to the ſquare of CB, as 
the rectangle FPG to the ſquare of CK, 


that is, as the zecQangle, FPG to tha: m | 


of HP. 


. 1 | Henes the 1 af 9 


lines drawn from points of an ellipſe to 


either axis, ſo as to be parallel to the other 


axis, are to one another as the rectangles | 


contained \by the ſegments of the axis mer, 


which are between the ſtraight. lines and 
its vertices. . For let HM, PQ be parallel | 


to the axis FG, and meet the other axis 
in M, Q; and, by the propoſition, the 


the ſquare of AB to the ſquare of FG, 


5 that is, as the rectangle AQB to the ſquare 
of PQ; ; and, alternately, the rectangle 


5 AMB 


rectangle AM is to the ſquare of HM as 


ann is to the rectangle AB, as 4s 
0 ſquare of HM to the ſquare of PQ. - : 


: Jig. 2. 


alſo les. 6. Eiern] Ne 


- Cor. 2. If a circle be deſcribed pen ei- 


cher axis as a diameter, and MH, Q pa- 


rallel to the other axis, meer it in the points 


N, R; the ſegments (of theſe parallels) be- 


tween the axis, and the circumference of 
the circle, are to one another as the ſeg- 
ments between the axis and the ellipſe: 
for the rectangles Au B, AQB are equal 


[3 5. 1 Elem.] to the ſquares of MN, QR, 


each to each: therefore the ſquare of MN 


is to the ſquare of QR, as the fquare of 
MH to the ſquare of Q; conſequently 
the ſtraight lines MN, QR, MH, QP : are 


„ 


if 


P R OP. VII. Tuxon. 


Every. Rraight line terminated 


both ways in an ellipſe, and pa- 
rallel to either axis, is biſected 


by the other axis; or, what is 


the ſame thing, the AXES are 
— diameters. N 


- 


bock b LI 


, 
4 * , 
5 7 
f * 


Ler Hl. be parallel te the axis FO, and Fig. | 


meet the other axis AB in M, and and'the cies 
cle deſcribed upon AB in the points N, O; 


then, as MN to MO, [a cor. preceding 
prop. J, fo is MH to ML; and becauſe NO 


is cut at right angles by AB, MN is equal 


to [ 3. 3. N Rs þ pur = 3 | 


| 1 to ML. 
Err fraight li "= 8 both 


ways in an ellipſe, and biſected 
by one axis, is parallel to the 0 


ther. | 7 . e 


Ip biſedted in 8 * che Arb FG, is pa- 


„ to the other axis AB. Draw HM, 
PQ parallel to FC, and let them meet the 
circle deſeribed upon AB in the points N, R: 


Fig: 2. 


then, becauſe HM, FC, PQ are parallels, 


as HS to 8P, ſo is MC to CQ: but HS is 


equal to SP; therefore, alſo, MC'is equal 


rallel to P; therefore FP. 2 is [3 3. T. E- 
lem. — to M. 


to CQ ; conſequently MN is [14. 3. Elem.} 
equal to QR; and therefore HM is equa} 
to [2 cor. 6, 2.] PQ : but HM is alſo pa- 


Ck, 


* conc. SECTIONS, 


1 þ Cox. Hence ſtraight lines HM, PY, 
„ parallel to either axis FG, and which cut 
off between the centre and the points 
where they terminate in the other axis, e- 
155 qual ſegments MC, QC of this other axis, 
are equal to each other: and, on the con- 
trary, if HM, PQ be equal to each other, 
and parallel to either axis, they cut off 
[2 cor. 6. 2.— 14. 3. Elem.] equal ſeg- 
ments MC, e of the other axis. 


5 RO p. IX. Taxon, SEC 


of all diameters the greater axis is 
the greateſt, and the leſs axis 
the leaſt; and a diameter which 
is nearer to the greater axis, is 

greater than one more remote. 


rig. 2. Let CB be half the greater axis, and FC 

5 half the leſs; let CH be any other ſemi- 
diameter, and draw HM at right angles to 
CB: and becauſe the ſquare of CB is to 
the ſquare of CF as the rectangle AMB to 
the ſquare of HM, and that 4. cor. 1. 2. 
CB is greater than CF; therefore the reQ- 
** AMB 1s Erna eu the 3 of 4 


| Book II. 1 EI Fi 1 


ä HM: to the unequals add the common 0 
ſquare of CM; and the ſquare of CB [5.2, 
Elem.] will be greater than that of CH. 
[47. 1. Elem.]; and conſequently the 
ſtraight line CB will be greater than CH. 
Next draw HS at right angles to the leſs 
axis, and it may, in the ſame manner, be 
demonſtrated, that CF is leſs than CH: 
therefore, of all ſemidiameters, CB: is oy £ 
greateſt, and CF the leaſſ. 

Let now CT be more remote from the Fig. 2. 
greater axis than CH; CH is greater than 
CT: draw TV Pane to HM, and let it 

meet AB in V, and the ellipſe again in H, 
and let HZ be parallel to MV, and make 
CQ equal to (M. 1 

Becauſe the rectangle AVB, which con- 
ſiſts of the * rectangles AMB and QVM, | 
RO 18 


* 


* This is demonſtrated in prop. 31. book 7. of 

Pappus of Alexandria. The propoſition is to this 

purpoſe. If in a ſtraight line AB two equal ſtraight 
lines AQ , BM be taken, and betwixt Q and M_ a S qe fg. 3. 
point V; the rectangle AVB is equal to the rectangles ll 
AMB, G M together. For AB being biſected in C. 
the rectangle AVB, together with the ſquare of CV, is 
[5. 2. Elem.] equal to the ſquare of CB, that is, to the 
rectangle AMB, together with the ſquare of CM Cs. 2. 
Flem. ] chat is, to the rectangle AMB, together with 


8 CONIC SECTIONS, . 
is to the ſquare of VT, which [S. 2. os: 
is made up of the ſquare VZ and reQangle 
'TZX, as[1. cor. 6. 2.] the rectangle AMB 
to the ſquare of MH or VZ; the whole 
the rectangle AVB, is to the whole the 
ſquare, of VT, as [19. 5. Elem.] the re- 
maining rectangle QVM to the remaining 
rectangle TZX: but the rectangle AVB is 
[35-3 Elem.] greater than the ſquare of 
VT; therefore the reQtangle QVM is alſo 
greater than TZX. To theſe unequals add 
the ſquare of CV, and the ſquare, of CM 
T 5.8 Elem. |] will be greater than the re- 
angle TZX together with the ſquare of 
CV. Superadd to the ſame unequals, the 
ſquare of MH or ZV, and the ſquares of 
CM, MH together, will be greater than the 
ſquares of VT, VC together; ; that is, the 4 
ſquare of CH is greater than the ſquare of 
CT; and therefore CH is n n. 


3 
; GT.-. 
the e av: and the e of ov bs; 2. Elem: 5 | 


Take away the common ſquare of CV. and the re- 
maining rectangle AVB is equal to both is remaining 


reftangles AMB, QI. 


b a 
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: | 
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C7 4 Pit A be die 181 a fralght 
line AE, and two parallels B 


We" Fes 
3 
4 


PDE be drawn on the ſame ſide G 


of AE, and on the ſame fide of 
the point A, or on the contrary 


ſides of AE, and on the contra - 
ry ſides of the point A; if theſe 
parallels. have the ſame ratio to 


|; 0 each other, as the ſegments of 


1B Bo. which, are. intercepted, be- 


tween them and the point A; 


the extremities B, D of the Pa- 
__ rallels and the point 0 are in 
the Re raight line. 


13 the 0 one 2 — the parallelo- 


8 grams AB, AD; theſe are ſimilar, and have 

che angle at A common: conſequently they 
are about the fame 26. 6. Elem.} diame- 
der, that is, 1 B, N ie 5 
fame ſtraight line. 


In the other caſe, join BA, DA: and 


becauſe * to CA as DE. to EA, and the 
| „ angle 


\ 


; + 


Fig. 5 . 


"SS: 


Fig. 4. 


0 conic. SECTIONS: 


- angle BCA equal to DEA, the 3 
ABC, ADE are equiangular, [6. 6. Elem. }; 


| conſequently the angle EAD is equal to 


| the angle CAB: and therefore AB, AD 
are 114. 1. 7255 in 118 ame Rragh 


line. 


LEMMA. 21 oils 


i"; two „e ſtraight lines AC, | 


BD be drawn from two points 
"0: B, and other two parallels 
AE, BF, either coinciding or 


Z not coinciding with the paral- 


6 


lels AC, BD, and having the 


ſame ratio to each other as the 
H | parallels AC, BD, and lying on 


the ſame ſide of AB, or on the 


_. contrary ſides Of. it, according 
as the ſame parallels AC, BD 
are on the ſame ſide of AB or 
on the contrary ſides of it, be 
565 placed from the ſame points; if 
a ſtraight line be drawn through 
. the extremities of either of the 


Ps | pairs : 


*.0E of WS. 


Book II Tux KEIL P 75 83 
5 pairs of parallels, the point. 
where it meets AB, and the 


extremities of the other two 
parallels, are in the fame en | 


lines: 


— - 


& 8 frraight ls ba drawn, for exam= 
ple, through C, D the extremities of AC, 
BD, and let it meet the ſtraight line AB 
in the point G; the extremities E, F of the 
other two parallels AE, BF, and the point 
G, are in the ſame ſtraight line, For 
ſince the triangles AGC, BG are equian- 


| gular, AG is to BG as AC | to BD: but AC 
is to BD (by hypotheſis) as AE to BF; 


therefore AG is to BG as AE to BF: con- 


ſequently, by the preced ing lemma, the 


points G, E, F are in one and the ſame 
ſtraight line. In like manner, if a ſtraight 


line be drawn through the extremities 


E, F of the parallels AE, BF, the point 
where it meets AB, and the extremities 


C, D of the other two parallels, | are in n the 
fame ſtrai gh | line, irs 


E ; . 15 2: 11115 55 * M- | 4 
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LEMMA M. 


The ſame things being fill Cuppo- 
3 ſed which are ſuppoſed i in the 
= | Tecond lemma, if through the 
| extremities of either of the pairs 
. of parallels two ſtraight lines be 
oy drawn parallel to each other, 
and meeting AB; the ſtraight 
lines that join the two points 
where AB i is met, and the car- 
5 reſponding extremities of the o- 


ther two e, are likewiſe 
| peer. 


Fg. 9 "Kor example, let cH, DK be drawn pa- 
23% wad rallel to each other through the extremi- 
ties CD of the parallels AC, BD; ; and let 
them meet A, B in the points H, K; the 
| ſtraight lines EH, FK, which join che ex- 
tremities of the other two parallels AE, BF, 
and the correſponding points H, K in the 
- ſtraight line AB, are likewiſe parallel. 
Becauſe both AC, BD, and CH, DK, 

F parallels, the triangles ACH, BDK 

Te ate OF ; therefore AH is to BK 
Bo as 
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Fock. Tis ELL 16 1. . | 
as AC to BD, that is, by hypotheſis, as „ 
Ak to BE; and the angle EAH is equal to 
FBK: therefore the triangle AFLE [6. 6. E- 

| lem.) is equiangular t to BRF: therefore the 

angle AHE is equal to BKF; and conſe- 
quently EH is (279 or 28, 1, Hem] Para- 1 

kel t to FR. Ye 


PROP. *. eee | 


If from any point (che vertex of 
either of the axis excepted) of 
an ellipſe, a ſtraight line be 
drawn parallel to either axis, and 
meeting a circle deſeribed upon 
the other axis, and another 
ſtraight line be drawn touching 
the circle in the point where the 
parallel meets it ; this other 
ſtraight line meets Fs common 
diameter of the ellipſe and the 
cirele; and a ſtraight line drawn 
from the point where the com- 5 
mon diameter is met, to the 


Fa in 1 the ellipſe, touches the 
ellipſe: 5 


Fig. 12. 


circle, and join 'CG; then becauſe CGN is 


36. CONIC. SECTIONS. . 


" be ellipſe: alſo a ſtraight line N 
is drawn through the vertex of 
; either axis parallel to the other | 
. touches the , 5 


Let E Be? the GETS in *. ellipſe, and 


EF a ſtraight line drawn parallel to either 
axis CD, and meeting a circle deſcribed 


upon AB in G; let N touch the circle 


in G, and meet the common diameter AB 
in H; the ſtraight line that joins the point 


H and the point taken in che un 


touches the ellipſe. 
Let C be the centre of 45 ellipſe and 


a Tight angle, and GCB leſs than the right 


angle DCB, GN, CB will neceſſarily meet: 


let them meet in H, and join HE; HE 


will touch the ellipſe: for if not, let it, if 


poſſible, meet the ellipſe again in K, and 


through K draw a ſtraight line parallel to 


EF, and let the parallel through K meet 


Az in L, and the circle in M: then, be- 


cauſe EF i is toKL as GF to ML,[2. cor. 6. 2. 


and that the points H, K, E are in one 
ſtraight line; the points H, M, G are like- 
8 ng in one lemma 2 1 ſtraight line: the 
| ſtraight 1 


/ 


| ſtraight line, therefore, HG meets the 
circle in two points G and M: but, by hy- 
potheſis, the ſame HG touches the circle; 


which is abſurd: HE, therefore, meets 


| 5 1 4.0 ; N 5 Ws * * 8 #1 4, 1 5 7 & 1 % 1 85 | 
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not the ellipſe any where but in the point 


E; and . it touches it in Gas . 


point. 5 
Next, hgh D, ge vertex of either 


axis CD, let a Araight line be drawn pa- 
rallel to the other axis AB; this ſtraight 


line touches the ellipſe: for if not, let it, 
if poſſible, meet the ellipſe again in O; 
and through O draw a ſtraight line . 


lel to CD; and let the parallel through of 
meet AB in P, and the circle in Q alſo 


jet OD meet the circle in R: then, becauſe 
0 is a parallelogram, CD is equal to PO: 
but as CD to PO, ſo is CR ro P, [2. cor. 
6. 2:]; CR, therefore, and PQ are equal: 
but they are alſo parallel; therefore, if QR 
be joined, it will be parallel to CP; and 
the angle QRC is, therefore, a right angle. 
And thus RQ, drawn perpendicular to. a 
diameter of the circle from the extremity of 


chat diameter, falls within thecircle ; which 


is abſurd, [ 16. 3. Elem. ]: therefore DO 
en the Pg. * 


3.4: F EP ak. : OR, 
woes , 2 y — * 
; : * 
, r * 


Fig. 1 2. 
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Con. f. If EH touch the ellipſe; and 
GH be joined, it may be ſhewn in tlie 
ſame; manner that 6H en the cite 


Gen 2. From a point it in an ane den 


fn, by one ſtraight line can be drawn which 
will touch that ellipſe: were it poſſible for 


two ſtraight lines to touch the ellipſe: in 


one and the fame point, tw¾o could alſo 


touch the circle in the ſame point; and 
thus the cor. to 16. * ni ould. ah 
falſe, , 5 

Con. 3. Mis Wäg Bae cannot meet 
an ellipſe in more than two points; for 
could a ſtraight line meet che ellipſe in 


more than two points, a ſtraight line could 


alſo meet the eircle in more than two 
points; which. would be an abſurdity : : 
The ellipſe, therefore, is convex on the 
ſide where ſtraight lines A it, but 


concave on the contrary ide. 


Con. 4. An angle contained Wen is 
meter, (the axis excepted), and a ſtraight 


line that touches the ellipſe in the vertex 


of that diame er, and is draven towards 
the greater axis, is greater than à right 
angle. Let CE be the diameter, EH the 
tangent, and AB the greater axis, the o- 
0 | ther 


* 


Book II. 
ther things remaining as in the propoſi- 
tion; the angle CEH is greater than CGH, 
that is, it is [21. 1. Slew: gromer than A 
ge angle. ? £36 3 a | 
Cox. g. The propoſition points out a me- 


thod by which, if the greater aris be given 
in poſition and magnitude, a ſtraight line 


N ; 5 
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can be drawn that will touch. : an ellipſ e in 


a given point. | 
Cor. 6, Two ſtraight Kiki b an 


ellipſe i in the vertices af a diameter are pa- 


rallel. 

Way EH, ST touch che ellipſe 3 in u dr 
ins of the diameter ECS, and let them 
meet the axis AB in H, T; draw EF, SV 


perpendicular to che ſame axis, and let EF, 


SV meet the circle deſcribed upon it in 
G, X; join GH, XT, which, by cor. 1. 
will touch the circle: and becauſe GF, 


NV are divided in the fame ratio, [ 2: cor. 
| 2 2.] in the points E, 8, and that ECS is 


a ſtraight line; therefore the points G, 


C, X are alſo in a e line [lem. 2.]: 


Fig. I- . 


and becauſe GH, which touch the 


_ circle in the hers ha 15 the diameter GX, 


are — * A are "alla parallels 
kant * 
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Fig, 13. 


equal to G. that, i 18 to F E; and in = 
triangles DFC, EFC, FC is commop, and 


mm DC qual to GE; therefore the angles at 


nor Kl. Taxon. | 


If from a point of an ellipſe two 


ſtiraight lines be drawn to the 
foci, and a ſtraight line be drawn 


© biſeQing the angle adjacent to 


that contained by thoſe two 


ſtraight lines; that ſtraight line 


| £ touches the ellipſe. i 


Caſe 1. Whew the ſtraight line biſeQng 


_ tha angle is parallel to the greater axis, 
let AB be the greater axis, C the centre, 
and D, E the foci; from a point F of the 
ellipſe draw the ſtraight lines FD, FE; let 
FH, which biſects the angle EFG, be par 


rallel to the greater axis AB; FH touches 
the ellipſe: making FG equal to, FE, join 


EG, and let it meet FH in H; then, ſince 
FE is equal tg FG, and FH common, and 
the angle EFH equal to GEH, EH is equal 
to HG: and FH, EP being parallels, EH 


is to HG as DF to FG; DE, therefore, is 


—— ca , 7 FR OY 
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C are * and chow each of them is a 
right angle; therefore CF is def. 6. 2.] the 
half of the leſs axis; and, conſequently, 


FH, which i is parallel to the other ard, | 


touches [ 10. a.] the ellipſſm. 
Caſe 2. The conſtructipn remaining the 
fame i in other reſpects as in the preceding 
caſe, let now FHH meet the greater axis in 
K, and draw FL at right angles to the 
ſame axis, and let it meet the circle deſeri- 
bed upon AB in the point M: joining MK, 


and drawing MC to the centre, make BN 


Fig. 14. 


equal to EF; AN will conſequently ſir. 2. 


be equal to DF: and ſince the outward 

8 EFG of the triangle DEE is divided 
into two equal parts by the ſtraight line FK, 
which meets the baſe DE in the point K, 
DK is to KE as DF to FE [A. 6. Elem.), 
that is, as AN to NB: and, by compoſi- 
tion, DK together with KE is to KE as 
AB to NB: take the halves of the antece- 
dents, and CK will be to KE as CB to BN; 


and, by converſion and alternation, CK is 


| to CB as CE to CN, that is, as CB fo CL 
I. 2. ]: but CB is equal to CM; therefore, 


as CK to CM, ſo is CM to CL; therefore 


the triangle (Mk. is equianigular 6. 6 E- 


lang to CLM; but CLM 1 is a right angle; 
5 e ö therefors 


% 


the angles EF K, GFR are FRESH) a 


4 cov sfcrrons 
therefore the angle CME is alfo a right” 


MK touches the circle, 0 "6. 3. Elem]; ; 
therefore EK touches the ellipſe. 5 
Otherwiſe : produce DF to G, fo that 


FE may be equal to FG; and in EK take 


any point O, and join OD, OE, OG, and 
EG, and let this laft meet FK in P; then, 
| becauſe FE is equal to FG, FP common, 


and the angle EF equal to GFP; EP, GP 


are equal, and the angles at P right angles; 
| therefore OE is equal to OG: but DO, OG 


are together greater than DPG; conſequent- 


ly DO, OE are together greater than the 
| ſame DG, that is, than PF, FE together, 
that is, than the greater axis AB: the 
point O is, conſequently, without the el- 
_ lipſe, [ 3. Cr. .J. and, conſequently, 
FK touches the vile, © C 


51 10K | 
Cor. On the contrary, if a Ore line 
EK touch the ellipſe, and DF, FE be 
drawn from tlie point of contact to the fo- 
ci; the angles DFO, EFK, which DF, FE 
make with the touching lint in contrary 
directions of it, are equal, For let them be 


unequal; when DF being prodiiced to G, 


but 


+4 


7 T2815) a, 2 : * Une 


bt By dies 
which biſects the angle EFG touches the 
ellipſe and by the hypotheſis, FK touch 
es it in the point F; which we cor. 10. 2:} 


3 — 
1 
. 
# F . 
1 : 
n {4% af 4 


5 nor XII. mb. | 
The. greater axis of an ellipſe 1 


ing given in poſition and mag- 1 


nitude, and the foci being given, 


to draw a ftraight line parallel 5 
to another ſtraight line given in 


poſition, and which ſhall touch 
the ellipſe. ” 1 


Let AB be the greater NOW D, E the fo- 
ei; let ST be given in poſition: from E, 


either of tlie foci, draw EV at right angles 


Fig. 14. 


to ST, and from the centre P, with a di- 
| ſtance equal to AB, deſcribe a circle; this 


circle will meet EV in two points; of 


which Tet & be either; and having joined 


DG, draw EF to it, and let EF make the 


angle GEF equal to EGD; and through 
F draw N parallel to ST; FI K 5 1 


che ellipſe in the * F. 


Ba 


* co SECTIONS. 


Becauſe the angle GEF is equal to Ech, | 
EF is equal to FG; therefore DF, FE are | 
together equal to DG, that is, to the I | 
greater axis AB: the point F is, therefore, | 
in [ 3. cor. 1. 2.] the ellipſe. Let FK meet | 


_- tte ſtrai ght line VE in P; and becauſe FK, 

pu are parallels, EV at right. aggles to ST ” 
is likewiſe at right angles to FE: there- 
fore the angles EFP, GFP are; equal 35 and f 
therefore FK touches the ellipſe. In like I 
manner, - by employing the other point, t 

where the cixcle deſcribed from the centre 
D meets EV, another e? can be j 
drawn ſs „ t 
SHE an LOT A ( 
P R 0 r. | X10. TEO. t 
Every ſtraight | line parallel to 4 : 


- ſtraight lne that touches the jc 

ellipſe, and terminated | both 1 
Ways by the ellipſe,” i is biſected 0 
by the diameter that *. 3 


| through the PORE: of contact. y 
If the 1 oi, be either 'of he 2381 l 
tangent drawn through j its vertex is paral- Ul 
t to the other axis, li. and Ir cor. 10, 2. }; a 


oe: e 


a —— ACE e wr, 
l | 5 — 2 —— —AAqù2—ꝶ— OT" 
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N — m1 pe ens ants 1— 
3 N = <.; of * 9 3 
1 | 
— 
43 * 
* * 2 
% 
. = * 


ES 7 


Bookl.” i KI LIST. 4 95 


and thus à ſtraight Hine parallel to che tan- 
gent is alfo parallel to this other axis; 8 
and conſequently is biſected by the diame- 
ter (or axis)" that nn 3 e Jo 
of contact 7. 2.J. 

But let CE be any other 43 — : 
in its vertex jet EF touch the ellipſe; let 
GH, parallel to EF; be terminated in G, 
H, two points of the ellipſe; and let GH 1 
meet the ee 0 in K ; GK is 85 00 . 
wh 796 c , 037 | 

Let the cangine! EP meet either axis AB | 
in F; let GH meet the ſame axis in L; 
through the points E, G, H draw EM, 

GN, HO perpendiculars to AB, and let 

them meetothe | circle deſeribed upon AB 

in the points . Q,R R; join FP, IQ, 

CP; let LQ meet CP in the point 8, and 

join | SK4»thiny/Tbedtalk FF touches the el- 
lipſe FP toaches ths circle; and becauſe 

the parallels N, ROlare cut in the ſame 

ratio in the points GH, and that HGL ** 

a ſtraight line, the points L, Q, Rare in a 

ſtraight line [lemma 2. ]. Again, ee 
the parallels PM, QN are cut in the ſame * 
ratio in the points i through which 
the pirallels' EF; Gl. are drawn; FP, 2LQ. 
on * — lem. 3.]; CS, con- 
8 


85 conre 8 0 NS. 


ſequently, 1 is to 8P as CL ar ; 
as CK to KE: therefore KS is | 2. 6. Elem,] | 
Parallel to EP, and conſequently to QN, 
but Qs is equal to SR, becauſe P being 
at Tight angles to PF, which touches the 
Circle, is alſo at right angles to RQ, which 

18 = Rs to VF; Re! 7 en 18 Nn 00 

H.., | 5 079 ow? 1 


Cor. 1. On the contrary, any Nteaighe 
line GH, terminated both ways by the 
ellipſe, and biſected by the diameter CE; 
or, in other words, any ſtraight line ordi- 
nately applied to the diameter CE, is pa- 
rallel to a ſtraight line EF, which touches 
the ellipſe in the vertex of this diameter. 
For, if not, draw a tangent that ſhall be 
12. 2.] parallel to GH; and GH will be 
bDiſected by the diameter which paſſes 
through the point of contact: but, by hy- 
potheſis, the ſame GH is biſeQed by an 
her diameter CE; which is abſurl. 
_ Cox, 2. All ſtraight lines ordinately ap- 
-Phed-to the ſame gn are 8 to 
one another.. 
Cor. 3. er ene pry this . 


minated both ways 988 ellipſe, che dia- 
1 meter 
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meter which biſects the one, or one of 
them, biſeQs alſo the other, or the reſt of 
them: for that one which is biſected by a 
diameter, is- parallel to the ſtraight line 
touching the ellipſe in the vertex of that 
diameter; and conſequently the other, or 
the reſt, is or are parallel to the ſame 
tangent; and therefore is or are biſected 
by the ſame diameter. 

Cox. 4. But a ſtraight line which bi- £6 
ſets two parallels terminated both ways. 5 
by an ellipſe, is a diameter: for if it be 
not, draw a diameter biſecting the one of 
the parallels, and this diameter will alſo 
biſect the other of them: but, by hypo- 
theſis, each of them is biſected by another 
ſtraight line; which is abſurd. And if 
from the point of contact, a ſtraight line 

be drawn biſecting another ſtraight line 
parallel to a ſtraight line that touches 
the ellipſe, and terminated both ways by . 
the ellipſe, that ſtraight line is a diameter: 
for if it be not, draw a diameter through 
the point of contact; this diameter biſects 
the Parallel to the tangent; which 1s ab- 
ſurd. 
"Gon, , A night line which is drawn 


through the vertex of a diameter, and is 
| N 1 parallel 
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parallel 'to an ordinate to that damerer, 
touches the ellipſe. 

_ Cor.-6. Two. ſtraight lines in an ellipſe; 
which paſs not through the centre, do not 


biſect each other: for if they biſected each 


other, they would be each of them parallel 


to a ſtraight line touching the ellipſe in 


the vertex of the diameter drawn through 


the point of biſection, and of conſequence _ 


Fig. 15. 


n. 1. 2. 4 


they would be parallel to each ohr; +. 


which 1 is abſurd, 


PRO P. xv. Turok. 


Two diameters of an ellipſe, either 
of which is parallel to a ſtraight 
line touching the ellipſe in ei- 
ther vertex of the other, are 


conjugate diameters. 


Let Er, VX be two 8 let ei- 
hee of them, VX, be parallel to EF, a 
ſtraight line rouching the ellipſe in the ver- 


tex E of the other; ET, Vx are cou 7 


mw diameters. 7 


Through the vertices E, v * to ei- 


ther a axis AB right lines EM, VY paral- 
. 
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lel to the other axis CD; and let EM, VV 
meet the circle deſcribed upon AB in the 
points P, Z, on the ſame ſides of the circle 
on which are the points E, V; and from 

the point F, where. EF meets the axis AB, 

draw the ſtraight line FP, which will 

; touch the [1, cor. 10. 2, + circle 3 in P; and 
from the point Z, the ſtraight line Za 
touching the circle, and meeting the axis 
in 4; join aV; aV will touch the [10. 2. 
ellipſe; and, laſt of all, from the 4 15 
draw CP; . | 
Then, becauſe the W PM, ZY. are -- 
cut in the ſame ratio in the points E, V 
through which are drawn the parallels EF, 
VC; FP, CZ are flem. 3.] alſo parallels: 
but CPF is a right angle; conſequently 
PC is alſo a right angle: and CZa is a 
right angle; therefore Cp, Za are paral- 
lels: and conſequently CE and aV are pa- 
rallels: therefore ſtraight lines parallel to 
CE will likewiſe be Parallel to Va, which 
touches the ellipſe in V; and of conſe- 
quence they will be biſected [13. 2.] by 
the diameter CV; and becauſe CV, by hy- 
potheſis, 1s parallel to EF, all ſtraight lines 
parallel to CV will likewiſe be parallel to 
* and will conſequently be biſected by 
7 N 2 : the 
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the diameter CE; therefore CE, ov. are 
conj ugate diameters 17. def. 2.] 


Cox. * And ſince cv is the only dia- 
meter that can biſect ſtraight lines parallel 
to CE, and terminated both ways by the 
ellipſe, CV alone is conjugated to CE. 
Con. 2. If, therefore, CE, CV be con- 
jugate diameters, each of them is parallel 
to the tangent drawn throu gh wo: vertex 
of the other, 
_ _ Cox. 3. On the other 3 a . 
Une which, when drawn throu gh the ver- 
tex of a dbrtieter, is parallel to the diame- 
ter conjugated to that diameter, gag 
the ellipſe in that vertex. 
Cook. 4 A ſtraight line parallel to a dia- 8 
meter, and terminated both ways by the 
ellipſe, is biſected by the diameter conju- 
gated to that diameter: for it is parallel to 
the ſtraight line which touches the ellipſe 
in the vertex of this diameter conjugated 
to the other; and conſequently it is biſect- 
ed by this ſame conjugated diameter. On 
the other hand, a ſtraight line biſected by 
a diameter, is parallel to the diameter con- 
1 to that diameter, | 


: : | a i 1 * 0 
a | : } 0 | 
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If from a point in an ellipſe to ei- I 


ther of two conjugate diame- 
ters, a ſtraight line be drawn 


parallel to the other, the ſquare 


of the diameter to which the 


ſtlraight line is drawn, is to the 
ſquare of the other diameter, as 


the rectangle contained by the 


ſegments into which the ſtraight 


line divides the diameter to 


which it is drawn, is to the 


7 RN ſquare of that inks . 


Let Er, vx be conj ugate diameters, © 


and from a point G of the ellipſe draw GK 

to ET, parallel to VX; the ſquare of ET 
is to the ſquare of WX as the N | 
EKT to the ſquare of GK. 


For ſince ET, W are conjugate diame⸗ 


going propoſitions ſtill remaining, and 


| ters, VX is parallel to the tangent EF, - 
drawn through the vertex E of ET: and 
the fame conſtruction as in the two fore- 


* 
— re TIO 
— — WEEDS AD re OP: 19648; 
. 20 ew cons 
a g 
* 0 
ant 4 
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of CP is to 92 ſquare of CS as the ſquare 
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| what was there demonſtrated being Qin | 


kept in view, let SK, when produced, 


meet AB in the point 4; and through G 
draw the ſtraight line Gy parallel to the 


ſame AB, and meeting 82 in ; then, be- 
acaauſe PCZ is a right angle, and that the 


angles CPM, MCP are together equal to a 
Tight angle; the angle PC is equal to the 
ſame CPM and MCP together: take away | 
the common angle MCP, and the remain- 
ing angle MCZ 1 1s equal to the remaining 
CPM; and CP, CZ. are equal; therefore | 
the ri ight-an gled triangles PMC, CYZ, are 

equal; PM is, therefore, equal to CY; 


but fince PM, 82, and PF, SL are paral- 
Tels, the triangles PFM, SLs# are equian- 


gular: and thus CPM, SLa are-[8. 6. E- 
lem.] alſo equiangular ; therefore CP is to 
PM as SL to Ls, that i is, as SQ to Ns 
[2. 6. Elem.]; alternately CP is to SQ as 


PM to Na: but PM having been proved 
equal to CY, and that Gy is equal to Na; 
PM is to N# as CY to Gy: and the tri- 


angles CVI, GKy being equiangular, CY 
is to Gy as CV to GK; therefore CP is to 


BQ as CV to. GK: hence the ſquare of 
O is to the ſquare of SQ , as the ſquare 


of CV to the ſquare of GK: but the ſquare 


WM 


6f CE to the AED of CK; t by a” 


verſion, and prop. 47. 1. Elem. the ſquare 
of CP is to the ſquare of SQ as the ſquare 


of CE to che rectangle EKT: the ſquare, 


therefore, of CE is to the rectangle EKT, 
as the ſquare of CV to that of GK; alter- 


nately, the ſquare of CE is to the fue "# 
CV as'the rectangle EKT to the ſquare of 


GK: therefore the ſquare of ET is to that 


of VX, as the e EXT to the ſquare 
of GK. 4 

Univerſally, chen, the W of any 
diameter is to the ſquare of its conjugate, 
as the rectangle contained by the ſegments, 


intercepted between its vertices and a 
ſtraight line ordinately applied to it, td 
the ſquare of the ſegment (intercepted be- 


| tween the ellipſe and it) of the ſtraight line 
ordinately applied : for an ordinate to a 


: Fi 


diameter is parallel to the tangent drawn | 


through the vertex of that diameter ; and 


therefore is parallel to the diameter conju- | 


| 9 to — N 


2 


Cor. 1. The 1 of ftraight line or- = 
dinately applied to the ſame diameter, are. 
to one another as the rectangles contained 


by the [ogments of that diameter, as was 


. 5 | | demonſtrated 
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demonſtrated $% cor. 6. 2.] with regard to 
the axes. 

Cor. 2. 1 ET, VX be conjugate arme; 
ters of an. ellipſe AT, and from a point G 
a ſtraight line GK be drawn parallel to 
VX, one of the conjugates, and meeting 
the other ET in K; and if the ſquare of 
ET be to the rene of W as the rect- 
angle EKT to the ſquare of GK; the point 
G is in the ellipſe: for if GK meet not the 
ellipſe in the point G, on that fide, on 
which G 1 is, of N diameter ET; let it 


ſition, boys rectangle EKT wi to tha Fakes of | 
TK as the ſquare of ET to the ſquare of 
VX, that is, by hypotheſis, as the rect- 


angle EK T to the ſquare of GK: hence 


the ſquare of K is equal to the ſquare of 
GK; and thus the ſtraight line K is equal 
to the ſtraight line GK; which! is __ 
Hble. 1 | 
Con. 4. If from two 3 7 one > of | 
which, e, is in theellipſe, there be drawn 
to the diameter ET ſtraight lines GK, « 
parallel to ſtraight lines ordinately applied 


Ty to the ſame ET; if the rectangles EK T, EST, 


contained by the ſegments of the diameter 


Ex, which are * between its ver- 
_ | 1 iets, 
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tices and the parallels drawn to it, have ä 


© the ſame ratio to each other as the ſquares 


of GK, &; the other point G is likewiſe 


in the elli jj This is demonſtrated from 


cor. 1. in the {ame manner as the ſecond | 


corollary from the propoſition. 5 
Cor. 4. If a circle be deſeribed upon 


AB, a diameter of the ellipſe, and ſtraight 
lines DE, FG be drawn ordinately applied 


to the diameter AB; and from the points 
D, F ſtraight lines DH, FK be drawn per- 
pendicular to the ſame AB, and meeting 


the circle in the points H, K; the perpen- 
diculars DH, EK have the n ratio to 


each other which the ordinates DE, FG 


have; for the ſquares of DE, FG have the 
ſame ratio to each other which the rect- 


angles AB, AFB have, that is, which 


the ſquares [| 3 5. 3. Elem.] of DH, FK have: 
therefore DH is to FK as DE to FG, 122. 8 


6. Elem.] 5 


CoR. 5. And if two ndnd 1 ordi= 


nately applied to a diameter, cut off, be- 
tween the centre and the points where they 
meet that diameter, equal ſegments of that 
diameter, they are equal: and if equal, 
they cut off, between the centre and theſe 
Points, e equal ſegments, 4 


4/ 
9 


Oo  pROP 
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5 If from a: point fon, ellipſe a 
1 © ſtraight line be ordinately ap- 
ET plied to a diameter, and from 
6: .* the point. here the ordinate 
meets the diameter a perpendi- 
| cular. be drawn meeting the cir- 
cumference of a circle deſcribed 
* upon the diameter; if a ſtraight 
=: line touching t the circle in the 
A 50 extremity. of the perpendicular. 
ee meet. the diameter; the ſtraight 
line that joins the point where 
khat tangenit and the diameter 
meet, and the point in the el- 
| = ple, touches: the; ellipſe. On 
. "the other, hand, if the ſtraight g 

__ Lehne touching the ellipſe meet 
. the diameter}! the ſtraight Hine 
uin joins che point where they 


/ 7717 74 


\ meet, and the extremity of the 


2 * 
* . 


— 
1 
* 


4 
3 


1 
— a 


0 


{ "I 5 —* * 


perpendicFular, touches the circle 
in that extremity. 51 Sts 


WC : FTC s | | * . 


* 
8 
„ * 
by 


9 — 1 8 
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E:being. a point in the ellipſe; ED drawn * . 
„ Applied to AB a diameter, and: 


there being drawn from the point D, where 


the ordinate and diameter meet, a perpen- 
dieular DH; that meets the circle. deſeri- 5 
bed upon AB in H; if as ſtraight line 

onching che circle in E meet the diames 


ter AB in the point L; the ſtraight" line 


EL. that jdins L and e point E in the 
ellipſe, touches the ellipſe i in the point E. ; 


For if EL touch not the ellipſe, let it, 


"ui poſlible, meet it in another point M; 
and through M to; ;the- diameter AB ame : 
MN parallel to ED; and let NO, drawn 
res to the diameick ; 
AB, meet the call in O on the ſame fide 
of ABron which H is: ſince, then, the pa- 
rallels DE, NM are drawn, from the paints 


through N at right a 


D, N, as alſo the parallels. DH, NO, which 


have the { ame ratio to each other {4 cor. 


preced.] which DE, NM Have, and that 


the points E, M, L are in a ſtraight line; 
therefore the points H, O, Liflem. 2.] are 
in a ſtraight line; the ſtraight line LH, 
therefore, cuts the circle; but, according - 
to the hypotheſis, it. touches the circle; 
Which is abſurd: therefore LE N N the 
1 8 e * F%0 * 2 | 
$379! 03 + am 


4. 


: - 


Wa 
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It may be ſhewn, after the ſame man- 
ner, that if EL ae ths: us IK 
touches the circle, Fe 


Cox. Hence a des; is b gde 4 
v which if a diameter of an ellipſe be gi- 
ven in poſition and magnitude, and the 
. which that diameter makes with any 
ſtraight line ordinately applied to it, be 
given, a ſtraight line can be draw-a that 


will nen we n in a en nde 


— 


P RO P. xvi. uren. | 


If from a point of an ellipſe a 
ſtraight line be drawn touching 
that ellipſe, and meeting a dia- : 
meter; if from the point of con- 
tact a ſtraight line be ordinately 

applied to that diameter; the 

5 ſemidiameter is a mean. propor- 

tional between the ſegments of 

the diameter that are intercept- 
eld between the centre and the 
tangent, and between the centre 


and the ordinate; an ad the ſeg- 


ments 
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ments (of the diameter) inter 
cepted between its vertices and 
the tangent, have the ſame ra- 
tio to each other as the ſeg- 
ments (of the ſame diameter) i in- 
1 tercepted between its vertices 


£43 op r M4. 


and the ordinate. . 1 


eie 


* being 8 point in "the ellipſe,” EI. Fig. 16. 
 toucklil the ellipſe, and meeting the dia- 
meter AB in L, and there being drawn 
from the point of contact a ſtraight line 
ED ordinately applied to the diameter AB; 
the ſemidiameter CB is a mean proportio- 
nal between CL, CD, the ſegments (of the 
diameter) intercepted between the centre 
and the tangent, and between on centre 
| and the ordinate. 15 

Having deſcribed a circle upon the. FR 
meter AB, and drawn from, the point D a 
ſtraight land DH at right angles to AB. and 
meeting the circle in H, join HL: then, : 
becauſe LH touches the [16.2:}circle, and 
that HD is perpendicular to the diameter, 
D, Fe GL are propontiqnals, 48. 6. E- 
1 ah 5 
1 beceuts of is to CB as CB'to 22 


"OF 


ISS. 1 1 
we i * * * 2 
— —— I nt AI — 


a0 + 


. BP CODE Te AI I Part hv — — 


» 


8 vi: cl. i is to BL as CB to > BD: 


double the antecedents, and twice CL; is to 


BL as AB to BD; and, 15 diviſion, AL is 
. to dw wy" SAD to BD. 


e . e 0 EIN 1 > © P * 
* + 4 15 33 4 1214 


oma 15 Medes, the reclangle nin 
Fe the ſegments, (of the diameter. AB) in- 


tercepted between the ordinate and the 


centre, and between the ordinate and the 


tangent, is equal to that contained by; the 


" ſegments between the' ordinate and 
vertices of the diameter: for as CD, CB, 


CL are proportionals, the ſquare. of CB. 3 
equal to the rectangle DCL ; but the ſquare | 


of CB is equal to the rectangle. ADB, to- 


gether with the. ſquare. of CD, [S. 2. E- 
lem. ]; and the rectangle DCL is equal to 


the rectangle DL, together with the ſame 


ſquare of CD, (3. 2. Elem. ]: therefore the | 


Tectangle AB, and the ſquare of CD, 
are together equal to the rectangle CDL 
added to the fame ſquare. of OD: take a» 


way the common ſquare: of D, and there 


remains the xeftangle, ADB equal to 


CDL. aire . 
. 2. And the rectangle. contained 4 


"the. ſegments (of the diameter AB) inter- 
cepted between the tangent and the centre, 
17 2 8 EY Fo and 


» . = 


aaa Thin EL L1 LON ar | 


and between the tangent d the ordinate, 
zs equal to that contained by the ſegments 


between the tangent and the vertices of the 


ſame diameter AB: for the rectangle ALB 
and ſquare of CB are together equal [6. 2. 
Elem. ] to the ſquare of CL; and the 1 rect 


angles LCD, CLD are rogither equal [2. 2. 6 


Elem.] to the ſame. ſquare of CL: there 
fore, becauſe the ſquare of CB has been 
proved equal to the rectangle DCL, there 
remains the rectangle ALB Tm to the 

IGOR CLD. 3335 


P. R 0 P. I Inne 


2 by rom a point. of an ellipſe let a 
ftraight line be ordinately ap- 
plied to a diameter, and from 
the ſame point let a ſtraight line 
1 drawn meeting the diameter 
on the. ſame ſide (of the ordi- 
2 nate) on which the nearer (to 
the ordinate) of the vertices of 
the diameter is ſituated: if the 
_ *" Tegment (of the diameter) inter- 
| js epted between the. centre and 

1 


/ 


J ; *. 

2 X ” 
* y a 53 
; 1 1 


J k F, — 1 
4 * g - - by - * * a wat 4 £ ; * E, 0 * 54. * 
1 88 — bs | _- was FER ee. 


the point where the diameter 
adadlnd the ſtraight line meet, and 
the ſemidiameter, and the ſeg- 
ment between the centre and 
5 the ordinate be proportionals; 
if, next, the ſegments, between 
the point of concourſe of the 


diameter and ſtraight line, -and 


5 5 7 
the vertices of the diameter, 


| and between the ordinate, and 
thoſe vertices, be proportio- 


: nals; if, thirdly, the ſegments 


wer the ordinate and point 


IN of concourſe of the diameter 


Fen 


4} 6 11 


and ſtraight line, between, the 
ordinate and vertices, f the 
5 diameter, and between the ordi- 
nate and centre, be proportio- 
f nals; or, laſt of all, if, the ſeg- 
ments between the point“ of con- 
. courſe of | the diameter and 
ee line, and the more re- 


mote (from the ordinate) of the 
vertices 


4 
r 
31 


3 


A. 


„ 


dern EIL ISE any + 


5 vertices of the —— 
be tween tlie ſame nt of vel | 
© courfe and the K bet we We en : 


NI 


me point of concqu rſe 4 
the ordinate,” and { between the 
— point of concourſe and che 

other vertex of the diatneter be © 


1 ge 


* "proportipnals 8: in all theſe caſes, 

the Ks ee drawn Kanne 

4þ »poing if in the: ellipſe to the dia- : 
;-touches'the & 

pe 's; af ice, ys e W129 4270t 


' 1 8 
IAhiagupe 
3 


the fa 


4 


577 1 l [0663-4 * 


et E be aby-ipaibe.3 in 


let EL; dra ven from the point in the e- 


tween che centre and d point of concourſe WM 


% N - vertices z | 


ple meet the diameter in I: if che eg. 


ment the ia meter) CL, 11 


der and EL, 


: Aimate and centre, be proport 
if the ſegmenes AL, BL, between che point 2 


Land the] vertices of the- Aintneter, have 
the ſame ratio to each other, as che ſcg. 
ments AD, BD, between the orchinate an 


4 


ED an ordimate to the diameter AB; and 


| 
* 
* 
1 

N 
WV 
1 
17 


hs — — — _  _ = 


\ ,.1 1. Caſe 2. Becauſe, by hypotheſis, AL is 
to BL as M to BD, by: compoſition AL 
and BL together are to BL as AB to BD: 


\ 
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yertices ; ; if, chirdly, the e Dr, 
DA, DB, DC, between the ordinate and 


each of the points L, A, B, C, be propor- 


; tionals ; - or, laſt of all, if the ſegments AL, 
CL, DL, BL, berween the point L and 
each of the paints A, C, D, B be propor- 


tionals: in all theſe caſes the ſtraight line 


EL touches the ellipſe. 


Caſe 1. If EI. does not touch che dlipſe ; 


| let EP touch it: therefore, by the prece- 


ding propoſition, CP, CB, CD are propor- 


Whale but, by kypothelis, Cl., CB, CD 
are likewiſe Proportionals; CP is, there- 


— equal to CL; which. is abſurd: con- 


ſequently EL monies the ellipſe. 


take the halves of the antecedents, and CI. 
s ta BL as CB to BD; and, by converſion, 


Cl. is to CB as CB to CD; therefore, by 


the firſt caſe, EL touches. the ellipſe.” - 
Caſe 4. Since DL is to DA as Dh to el 


by compoſition, LA is to AD as BC or CA 


to CD; the remainder CL is, therefore, to 


the remainder AC or CB, as CB to CD; | 
and, therefore, by the firſt col, * = | 


tauches che ite. 


2 


Cate 


ITY EL LIP SI. © tre 


- Caſt 4. By hypotheſis, AL, is us 
DL to BL; therefore, by diviſion, Ad or 
CBis to Cl. as DB to BL; CB, therefore, 
is to CL as the ie en CD to the re- 
mainder CH; and, inverſely, CL is to 
CB as eur 6b. therefore EL u. m_ 


lipſe. 19.4 ee 4 


5 PROS. nx, Tuxer. 


„ 56010 M4 9.» EX 
If Chae two vertices of two conju- 


gs diameters two ſtraight lines- 
be ordinately applied to another 
diameter, the ſquare of the ſeg- 
ment {of that other diameter) in- 
tercepted between either ordinate. 
and the centre, is equal to the 


el "le ents between the other ordi- | 


0,93 


nate and the vertices of that 
Kanne diameter. BY 


AQ 4 CG; "Wy Te a TEE. 


P contained by the ſeg- 


Let CA, cB be the two conjugate dia- Fig, 17 


meters, of which the points A, B are ver- 
| tices ; from A, B let AF, BG bs ordinate- 
I applied to another diameter DE; the 

e 


% 
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mare of CG, 1 ihtercepted; between che or- 
dinate BG and the centre, is equal: ta the 


rectangle EFD contained by the ſegment? 


inrercepted between the other ordinate A 


and the vertices of PE; and the ſquare of 
F, in like manner, is equal to the reat- 


—_— EGD. e ii ing 


Draw AH, BK wicking the ipſe in 
A,B, and meeting che diameter ED in H, K: 
then, becauſe both CB, AH, and BG, AF, 
are parallel, the triangle CBG 3 is equian- 
gular to HAF; and becauſe BK is parallel 


tõ CA, the triangle CBK is alſo equiangu- 


lar to HAC; therefore CG is to FH as CB 
to Ai, that is, as CK to CH: but CD is 
a mean proportional both between CG, CK, 
and between CF, [16. 2.] CH; "therefore 


CF is to CG 4 CK ww CH: and CG, as 


häth been ſhewn, is to FH as CK to CI; 


therefore as CF to CG, ſo is CG to FH : 
and, conſequently, the ſquare of CG is e- 


qual to the rectangle CFH: but the rect- 
angle EFD is equal to the fame [x. cor. 


17. a.] CFH ; hence the ſquare of CG is e- 
qual to the ee EFD; and take theſe 


equals from the ſquare of CD, and there, 
will remain the rectangle EGD equal to 


Cox 


the ſquare of CF, (ſee prop. 5. a. Elem.] 


I PERO Ons oe Þ 


for ſince the ſquare of CG is equal to the 
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Con. 1. Hence the ſemidiameter D, to 


| which the ordinates are drawn, is tothe | 


ſemidiameter conjugated to it as the di- 
ſtance between either ordinate and the cen- 


tre is to the other ordinate: for the ſquare 
of O is to the ſquare of CL as the rect 


angle EFD to the ſquare of AF, that is, (by 
the propoſition), as the ſquare of CG ts 
the ſquare of AF; therefore CD is to CL as 
CG to AF, In like manner,” it may be 
ſhewn, that CD is to C as CF to BG. 
Cor; 2. The ſquares” of the ſegments of 


— to which the ordinates are 
drawn, which ſegments are between the 
ordinates and the centre, are together — 


qual to the ſquare of the ſemidiameter: 


rectangle EFD, the wy of CF, together 
with the ſquare of CG, is equal to the 


ſquare of CF, together with the rectangle 
EF, that 72 5 to the . S. 2. Free * 
of K CD. 


Sa — 


+ the Ws ef the Npolres 


Con. 4.1 


of any two conjugate diameters is equal to 
the ſum of the ſquares of the axes. Let 
C, CL be the ſemiaxes, and CA, CB con- 
jugate ſemidiameters; let AF, BG be per- 


r N CD, and AM, BN perpendi- 
2h culars 


# 
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culars to CL: then, becauſe tlie see 

CD, as was 1 in the preceding corol- | 
1 e os the ſquare of CF, toge- - 
ther with the ſquare of CG, -atid>thiat; by 

the ſame corollary, the ſquare of C is e. 

qual to the ſquare of M, together with 
that of CN, that is, to the ſquare of AF, 
tagether with that of BG; the: ſquares of 
_ CD, CL are together equal to the ſquares 
of CF, CG, AE, BG: but the ſquares of 
therefore the ſquares of AC, BG are toge- 
ther equal to the ſquare of M. added to 
che ſquare of CL: Hence the ſum of the | 
 - ſquares of two conjugate diameters is equal | 
5 mee ene. e e pre | 

tie ee eie HA 9t98990d 9061 


HL OI! mmm bus 


1 21th" ors 
5 oY thre ough the vert ices of, two. 


con jugate diameters four Araight 


x * 


1 : p hd Ay. ws an Aw 
2 33 


lines be drawn touching che el. 
„ ipſe; the- parallelogram formed 
by theſe ſtraight "lines, 1 1s equal b 
to that formed by the tangents | 
drawn through the vertices of 


9881 7 | - L any 


»” ; 
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Book II. 


ters. 


Leer — Araight lines ov, or, _ * 
P the ellipſe in the vertices 
in the vertices oppoſite to A, B of two conju- 


| gate diameters AC, BC; in like manner, let 
PT, PR, RS, ST touch che ellipſe in the ver- 


tices of the conjugate diameters DC, LO; 


any other eo 16 two. N diame- . : 


1 .* P 
” * 8 : „ 9 *; & f [ "I * 5 
b 1 * ; ©: F 


Fig. 15. 


vertices A, B, and 


the figures OVXY, PRST are 6. cor. 10. 2.] 


parallelograms, and equal to eack other. 
To the diameter CD dra 


Af, BG pa- 


rallel to CL, and to the diameter CL. draw 
AM, BN parallel to CD; and let AO, BO meet 


the ſame CP in the points H, K; and ha- 


ving joined BH, n, og parallel 


2 


gran: HCN: 
Then, becauſe AH Wucher the ellipſe, 


and that Ap is drawn ordinately applied to 


the diameter CD, CH is to O as GD to 


CF:” and, by the firſt corollary of the fore- 


going propoſition, CD is to (L as CF to 


BG: therefore, by an inference, founded 


on what is called equality of difanice; [ſee 19. 


def. B. 5. Elem.] H is to CL as OD to BG 


or QH; and the angles DCL, CHQ arg e- 
qual, for they are alternate; therefore the 
parallelogram DL 1s equal to the parallelo- 


gram 


* 


* 


bs | / 
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gram [L 14. 6. Elen. NH3 but NI is 
double of the triangle CBH, upon the ſame 
us and between the ſame parallels ; and 
; the parallelogram \ACBO is che double of 
8 ſame triangle CRH, upon the ſame baſe 
Cg, and between the ſame parallels CB; 

| AH; ACBO, therefore, is equal to NH; 

5 and the parallelogram DL, as hath been 
ſhewn, is equal to the ſame N; there- 


fore the parallelograms DL, AB are equal: 
and ces — — — 


7 
0 : I * 5 © T-\ 75 
: Ll - 

a I IS 7 5 # * 

ö N 1 J "7 n 1 * 8 „ 1 5 4 + 6 & : xt bra Te 
. 9 =.” C Inf ST $8 4 We ill 
* * 

F : 5 8 5 
4 5 2 1 4 y 7 4 
af. ; LE: . Y : * 1 X 1 p by 
ta 
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If a i ſtralght Ine touching an 0 
- bpſe meet two conjugate diame- 
ders, the reckangle contained by | 
its ſegments, between the point 
of contact and the diameters, 18 
e to the ſquare of thu e ſemi- 
diameter conjugated to that 
which Paſſes t OW, he fm 

of contact. 98 


bi * - * * ” 4 
"5 , F 7 , A. 'S 
3 - f z 5 . a v 

; - 1 5 

31 * =; #- £0 9 "i. 40 1 
f \ ; 5 
6 2 2 pp . . 
* z . 
7 9 * — 
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Let the ſtraight line HZ, touch che el- Fig. hs 


lipe i in the point A, and let it meet the 
conjugate diameters CD, CL in H, Z; let 
the ſemidiameter CB be conjugated to CA; | 
the” rectangle HAZ i is ng to the ſquare 
of CB. 0 1.059%. 

For draw AF, BG Parallel to dhe dia- 


meter CL: and ſince HF is to FC as HA 


to AZ, the rectangles HFC, HAZ are ſimi- 
lar; and” HF * is to HA as CG is to CB; 


therefote, i fince the rectangles HFC, HAZ. 


are ſimilar, f which HF, HA are homo- 
logous fides, and that the ſquares of CG; 


CB are ſimilar figures, the rectangle HFG 
22. 6. Elemi] is to the rectangle HAZ as 


the Auare of CG to the ſquare of CB: but 


the rectangle HC is e qual to the rectangle 
[1 CU. 1 7. 2 EED, cat is, to the [ 10. 2. 
ſquare of 0 und therefore the rectangle 


HAZ is alſo equal to the ſquare of CB, 


nels os fraight 1 line HAZ. touch an 


ect two cor jugate diameters 
ct, CZ; if the rectangle HAZ be equal to 


the ud of tHe" ſemidiameter CB conju- ö 


gated to CR, "which paſſes through the 
point of contact; CH, C are two conju- 


: gate diameters. 


i * PROP. 


Fig. 18, 
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' PROP. XXII. Tarox. e 
If from a point of an ellipſe a 

\ ſtraight line be ordinately ap- 

| plied to a diameter, the rect- 
angle contained by the ſegments 
of the diameter is to the ſquare 


of the ordinate as the diameter 
1s to its latus rectum. 


Let F be a point in an ellipſe; ; from F 
draw FG, ordinately to the diameter AB; 


the Fange AGB is to the ſquare of FG 
as the diameter AB to its latus rectum. 
For let BH be equal to the latus rectum; 


and ſince the diameter AB, its conjugate 


DE, and latus reftum BH [g. def. 2], are 


proportionals, AB is to BH cor. 20. 6. E- 


lem. ] as the ſquare of AB to the ſquare « of 
DE, that is, as the e AP to the 


ſquare of FG 155 wha 


PR 0 P. xxln. Tagen. wes 


If from a point of an ellipſe : * 


| firaight ou. be ordinately ap- 
— plied 


Py 


: 
5 * . 2 * 
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- plied to a diameter, and from | 
the vertex of the diameter a 


ſtraight line be drawn at right 


angles to the diameter, and 
equal to its /atus. rectum; the 2 


ſquare of the ordinate is equal 


to the rectangle applied to the 


latus redtum; which rectan gle 


has for its c the abſciſſa 
between the ordinate and the 
vertex of the diameter, and is 
deficient by a figure ſimilar, and 
ſimilarly fituated, to the fi gure 


contained by the diameter and 
the latus rectum. | 


| Let F be a point in the ellipſe; om F Fig. 18. 
draw FG, an ordinate to the diameter AB; 


from the vertex of AB draw a perpendicu- 


lar BH, equal to the /atus rectum of AB; 
the ſquare of FG is equal to the rectan ole | 


applied to BH; which rectangle has the 1 
abſciſſa BG fow its breadth, and is defi- 
cient by: a harps ſimilar, and fimilarly „ 


u tuated, * 


p — * 5 
- 
om 
«+ 


* 
F 5 * : F 
+ 8 : PIs N * . 1 : 
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4 tuated, to the rectangle BN, contained by 
a the diameter and /atus rectum BH. 
TT Having joined AH, and from G drawn 
ä * "OK" parallel to BH, and meeting AH in 
K, complete the paratiflograras KLHM, 
ABHN ; then, becaufe the rectangle AGB 
is to the ſquare of FG as [22. 2.] AB to 
' BH, that is, as AG to GK, | that is, as the 
I. 6. Elem,] rectangle AGB to the rect- 
angle KGB; the rectangle AGB is to the 
ſquare of FG as the ſame AGB to the rect- 
| angle KGB: and thus the ſquare of FG is 
4 equal to the rectangle KGB, applied to the 
Aatus rectum BH; which rectangle has for 
its breadth the abſciſſa GB, and is leſs 
Li than the rectangle BM, 17 che figure | 
El; KLHM, fimilar, and ala Wer 0 
From the ore, e ed ſquare 8 be⸗ 
ing equal to the deficient rectangle, Apol- 
F — lonius named the curve line which is the z 
x ſubject of this ſecond book, the Ellipſe. 
l If from the vertex B of the diame- 
ter AB any ſtraight line BO be drawn e- 
qual to the latus rectum, though not at 
right angles to AB; join AO; and through 
G draw GP parallel to BO; the rectangle 
0 is — to the W ne 8 FG, 
| W PROP, 
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Tw e! ftraight lines which | 
biſe& each other at right angles, 
being given in poſition and mag- 


nitude, to deſcribe an ellipſe of 
f which theſe oy: be the AXES. 


Let two 1 We "Ws AB, DE, 


which biſe& each other at right angles m 


the point C, be given in pofition and mag- 
nitude; it is required to deſcribe an ellipſe 
of which theſe may be the axes, | 


From the extremity D of DE, the leſs ot - 
the two, place DF equal to CB, the half 


of AB the greater; and from the centre P, 
with the diſtance DF, deſcribe a circle 
which will meet AB in two points; let 
theſe points be & and H; in which fix the 
ends of a ſtring of the ſame length with 


: 8 He 7 3 E L L I PSE, S268 : 


| Fig. 19. 


the ſtraight line AB, and deſcribe an el 


lipſe, as was directed in the firſt definition 


o this book; the ftraight lines AB, DE : 


will be the axes. of this ellipſe. 


For ſince the points G, I are the heck of 
che ellipſe, and that GC. is [g. 3. Elem. | 


equal 


/ 
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"iba to CH, the point C is its centre, 
I3. def. 2}; and ſinee CA or C is equal 
to the length of the half of the ſtring, the 

_ © ellipſe paſſes through the points A, B: it 

paſſes likewiſe through D [4. cor. 1. 2.], 

becauſe GD is equal to CA; * —_ 
1 becauſe CD is e to CE. 


'p R O P. xxv. Prod. 


1-0 ſtraight line being given in po- 
„ ſition and magnitude, and a | 
2 point without it being given; to ; 
deſcribe an ellipſe, of which, 
that ſtraight line ſhall be one 
of the axes, and which ſhalt 
_ paſs through that given point; 
but the given point mult be ſo 
. 5 ſituated, that a perpendicular 
drawn from it may fall between 
the extremities of the given 3 


ſtraight line. 


Fig. 19. Let AB be the ſtraight Ns! given in n po- 
aden and magnitude, and K the given 


point, 10 ſituated, that a perpendicular 
drawn 
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drawn from it towards AB may. fall be- 
tween the extremities of AB; it is requi- 
red todeſcribe an ellipſe which may have 
AB for one of _ W and which r 
paſs through K. 0 
Draw KL at right: angles: to AB, 1 
find a ſtraight line DE ſuch *, chat the 
ſquare of AB may be to the ſquare of DE. 
as the rectangle ALB to the ſquare of KL; 
and place DE. perpendicular to AB, and 
let them biſect each other, and, with the 
ſame AB, DE, as the axes, deſcribe an el- 
lipſe ; this ellipſe will 92 55 . (2 cor. 
465 - J the point N.. 


P R OP. XXVI. Pron. 


To find a diameter, the centre, 
the axes, and the foci of an el. 


_ lipſe given in poſition. 


Draw two ſtraight lines parallel to each 
other, and let them be terminated both 


Find a mean proportional between AL, LB [13. and 
17. 6. Elem 4 then to the three following ſtraight lines, 
viz. the mean proportional found, KL, and AB, find a 
fourth proportional [ 12. 6. Elem.]; this fourth propor- 
tional will be the DE wanted [22, 6. Elom. ] 


ways 


One" "AFP * * p _y Oe " heath 2 Rang . a R — * - 4 , . 
* * - 
/ — 2 F 
* 0 
- 
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> | 
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ways by the ellipſe; the ſtraighe- Line 
which biſects them 1s:[4. cor. 13. 2. ] a dia - 
meter, and the point ee —_ dis- 
meter is [ 3. Ache centre 5 
In order to find the axes, find * centre 
2 and in the ellipſe take any point A, and 
join CA; and from the centre C, and with 
the diſtance AC, deſcribe a circle AF: if 
this circle falls wholly without the ellipſe, 
CA is che greateſt of the ſemidiameters; 
and therefore the half of the ſ g. 2. ] greater 
axis. Next, take any point D, and let a 
cirele be deſcribed from the centre C, with 
the diſtance CD; if this circle falls wholly 
within the ellipſe; CD is the leaſt of the 
| femidiameters; and therefore the half of 
the leſs axis [9.2.]: or let the point G be 
taken; if the circle deſcribed from the 


centre C, with the diſtance CG, falls nei- 


ther wholly without nor wholly within 
the ellipſe, the ſtraight line CG is the half 
neither of the greater nor of the leſs axis; 
the circle, conſequently, muſt meet the 
ellipſe again: let it meet it in H; and ha- 
ving joined GH, biſect it in K; CK will 
be one of the axes, and a Araight line 
drawn through the centre perpendicular to 


CK will be the other: for ſince GH is bi- 
r | „ 0 
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the tangent AL drawn through the vertex 


ſected by the diameter CK, it is parallel to 


of CK; and CKG is a right angle: there« 


fore CAL is alſo a right angle; and theres 


fore CKA is [4. cor. to. 2.] one of the axes, fs 


The foci are found as itt 2 98 "ON 


— 


7 R 0 . XXVII. PROB, oy 
| Two conjugate diameters of an ol 


 bpſe being given in poſition and 
- pfgnitade, to find the axes, and 


- deſcribe the ellipſe.  - 


"Len AB, cb, be the given diameters ; z 
| let them meet each other in the centre E. 


Fig. 21; 


Suppoſe the problem ſolved, that is, let 


- FG, HK be the axes, to be found, and 
through A draw the ſtraight line AL paral- 
| tte CD; AL will touch [g. cor. 14. 2.] 


the ellipſe in A, and will be given [28, 


dat. ] in poſition : let the ſame AL meet 


the axes in the points L, M; therefore the 


rectangle LAM is equal to the ſquare of 


CE, the half of the diameter conjugated 
to [2 1. 2.] AB: but CE is given, and, 


| conſequent, its ſquare j 18 given; there- 


N fore 


TTY" — — 
% 4 


— — . ˙ ·wꝛ ͤͤ⁵INXAX4 n 


— 
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fore the rectangle LAM is given: Let 5 


rectangle EAN be equal to LAM; and be · 
cauſe EA is given in poſition and magni- 
tude, AN is alſo given in poſition and mag- 
nirude; and becauſe the rectangles LAM, | 


EAN are equal, the points L, E, M, N are 


[conv. 35. 3. Elem.] in the 83 | 
of a. circle: therefore, if EN is biſected in 


O, the centre of the circle will be in the 


ſtraight line OP, which 1s at right angles 


to EN [cor. 1. 3. Elem.]: but LEM, be- 
| ing a right angle, the centre of the circle 
is likewiſe in [cor. 5. 4. Elem. the ſtraight 


line LM: it is therefore in the point P, 
where OP, LM interſect each other: there- 


fore the centre P is given, and the point E 


18 given: hence the circle deſcribed from 
the centre P, with the diſtance PE, is gi- 


ven in [6. def. dat. | poſition; ſo ein 


are the points L, M, where its circumfer- 
ence meets AB, a ſtraight line given in 


poſition » therefore the axes EL, EM are 
given in poſition : draw AQ at right angles 


to {the axis FG; and becauſe AL touches. 
the ellipſe, EQ, EF, EL are 17. 2.] pro- 


portionals; and EQ, EL are given: 
therefore EF 1s given in magnitude. It 


: uy in like Manner be proved, that EK is 


; . en 


* 
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given in magnitude ; therefore the axes 
FG, HK are given in poſition and magni- 
tude: and an ellipſe deſcribed through the 
point A, with the axis FG [25. 2. Is will 
be an ellipſe, in which AD, ha are two. 
_ conjugate diameters. + 
The compoſition is as les ne | 
EA to N, ſo that the rectangle EAN may 
be equal to the ſquare of CE: biſect EN 
in O, and draw OP at right angles to it; 
in the point P let OP meet the ſtraight ine 
AL, which is parallel to CE; and from the 
centre P, diſtance PE, deſcribe a circle, 
and let AP meet its circumference in the 
points L, M: join EL, EM, and draw A 
at right _—_ to EL; and between EQ 
EL find [14; 6. Elem. ] a mean, proportio- 
nal EF, and make EG equal to EF: then, 
by the 25th propofition of this book, de- 
ſcribe an ellipſe, of which FG may be one 
of the axes, and which may paſs through 
the point A: of this ellipſe AB, CD are 
conjugate diameters. For fince AQ is 
perpendicular to the axis FG, and EQ, 
EF, EL proportionals, AL touches the el- 
lpſe [ 18. 2.] in the point A; and becauſe 
OO is parallel to the tangent AL, it is in 
the ſame poſition with the diameter con- 


R 2 jugated 


— — cs 
— 
o 


; conjugated to AE [21, a.]: but the ſame 
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jugated to AB; and the angle LEM ks 
in a ſemicircle is a right angle; conſe- 


quently EM is the other axis, and ſo is con- 


jugated to FG: hence the rectangle LAM 


is equal to the ſquare of the ſemidiameter 


rectangle LAM is equal [ 35. 3. Elem.] to 


he rectangle EAN, that is, by the con- 


ſtruction, to the ſquare of CE; therefore 


CE is the ſemidiameter conjugated to AE; 
the ellipſe therefore paſſes through C; and 


becauſe ED is equal to EC, and EB equal 
to EA, it paſſes likewiſe through the points 
D, B. Hence AB, O are _— diames 
ters in a the ellinio et 


PROP. XXVIIL Pros. 


The poſition and magnitude of a 
diameter of an ellipſe being gi- 
ven, and the poſition being gi- 
ven of a ſtraight line which, 


from a given point in the el- 


üpſe, is ordinately applied to 
that diameter; to deſcribe the 
hi ellipſe. | | NY 


Let 


bock H. "THz III 2 


Let BA he the given diameter, to which Fig 21. 5 : 


| RS, a ſtraight line given in poſition, is or- 
dinately applied, from a rep point R of 
| the ellipſe. | 
Biſect AB in the point E and draw 
through E a ftraight line parallel to Rs, 
and in that parallel take equal ſtraight 
lines EC, ED, fo that the rectangle ASB | 
may be to the ſquare of RS as the ſquare 
of AE to the ſquare of EC or ED; then, 
by the preceding propoſition, deſcribe an 
_ ellipſe of which AB, CD may be conju- 


gate diameters: this ellipſe will paſs 


through the [ 2. cor. 15. 2,] point R, and 
RS will be ordinately hae [4- cor. 14. 2 4 
to the diameter AB. 


o 


PROP. XXIX. Taxon. e 


If a cone cut by a plane paſſing = 

through the axis, be cut alſo by 
another plane, meeting both the 
ſides, by which the angle at the 


vertex is contained, of the tri- 


angle through the axis, but 
neither parallel to the baſe of 
the 


Fig. 22. 
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the cone, nor dubeonträrüy f f. 


tuated; if that other plane, and 


the plane i in which the baſe of 
the cone is ſituated, meet in the 
direction of a ſtraight line per- 
pendicular either to the baſe of 


the triangle through the axis, 


or to the ſtraight line which is 
in the ſame ſtraight line with 
that baſe; the line Which 18 
the common ſection of that o- 

ther plane, and the conical ſur- 


face, is an ellipſe, which has for 


one of its diameters the com- 
mon ſection of the triangle 

through the axis, and of * 
. fame other . 


= 


5 Let sede a cone, the vertex of which 
is the point A, and the baſe the circle BC; | 
let it be cut by a plane through the axis, 


and let the ſection be the triangle ABC; 


let it be cut likewiſe by another ane, 
meeting both the ſides, by which the 


angle at A is contained, of the triangle 


through 
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through the axis, but neither parallel to 
the baſe of the cone, nor ſubcontrarily ſi- 
tuated ; let the line DEF be the common 
ſection of this other plane with the coni- 
cal ſurface; and let the common ſection of 
this plane, with the plane in which is 


the baſe of the cone, be GH perpendicu- 


lar to BC: the line DEF is an ellipſe; and 
DF, the common ſection of the triangle 


through the axis, and this other W n „ 


one of its diameters. 


In the ſection DEF _ any point E. e 


and through E to DF draw EK parallel to 
HG; next, through K draw LM parallel 
to BC: the plane, therefore, which paſſes 
through EK, LM is parallel to that through 
BC, GH, that is, to the baſe of [15.1 tz: 
_ Elem.} the cone: conſequently the plane 
through EK, LM [23. I.] is a circle, of 
which LM is a diameter: but EK is per- 
pendicular [ 10. 11. Elem. ] to LM, becauſe 
GH is perpendicular to BG; the rectangle 
LKM is, therefore, equal [35. 3. Elem.] 
to the ſquare of EK. In like manner, a- 
ny other point N being taken in the ſec- 
tion DEF, if NO be drawn parallel to EK, 
or GH, and through O, PQ be drawn | 
parallel to BC, it may be ſhewn, that the 

— 


— — — —ẽ 


rectangle POQ : but LK is to PO as DBR 

_ 1s to DO; and KM is to O as K is to 
Of; tlierefore tlie ratios compounde 
theſe ratios are the ſame to one another; 


wiſe in it fg. cor. 15. 2.]J. And the fame 
thing may be demonſtrated with A to 
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rectangle | POQ is equal to the' In: o 


NO: the ſquare of EK is, therefore, to 
that of NO, ee eee the 


and therefore the rectangle LK M is to the 


rectangle PO as the rectangle DKF is 


to the rectangle DOF-{23. 6. Elem.}: and 


therefore the ſquare of EK is to that of 
No as the rectangle DKF to the! rectangle 
OF. Deſcribe, therefore, an ellipſe 128. 
2. J of which DF may be a diameter; and 
in which EK may be ordinately applied to 


DF: and becauſe the point E, by conſtrue- 
tion, is 1 in this ellipſe, the point N 1 is. 1 NEE 
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BOOK . 


ot the Hyppanota. 


4 {ls hs 6.4 lh 


DEFINITIONS. en 


1 Va point E taken e er Fig, 1; 
| tremity E of a ruler EH is ſo fixed 
that the ruler is left free to revolve about 
the point as a centre: one end of a ſtring. 
ſhorter than the ruler is fixed in the extre= 
mity H of the ruler, and the other end 
of it in the point E, which is in the ſame 
plane with the point E; but the diſtance 
between the points E, F tauſt, be greater 
than che exceſs of the length of the rulet 


aber I the firing; by means of a 
L 8 e 


p / 
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pin G, as much of the ſtring as poſlible i is 


applied to the fide EH of the ruler; then 
with the ſtring ſo applied, and ot uni- 


_  formly tenſe, the ruler is moved about the 


centre E: and thus by the point of the 
- pin moving onwards with the ruler, a line 


is deſcribed, rlgeh, is named the hyper-, | 


Bola. 


But if the hos order "0 e and 
the end E of the ruler be fixed i in the point 
F, and the end F of the ſtring 1 in the point 
E. and then a ſimilar operation be repeated, 
another line, oppoſite to the former, will be 
deſcribed, which in like manner is named 
the hyperbola; and both together are na- 
med oppoſite hyperbolat. Theſe lines may 
be extended beyond any given diſtance 
from the points E, F, if a ſtring be taken, 
the length of which exceeds that diſtance. 
II. The points E, Fare named the foci. | 
III. And the point C, which biſects the 
ſtraight line between the foci, is named 
the centre of the bypervvla, or of the oppit F-2 
. 5 85 | 
IV. Any ſtraight line paſſing 8 
the centre, and meeting the hyperbolas, 
is named a tranſverſe diameter; and the 


ä en where a tranſyerſe diameter meets 
5 ä che 


_ — 
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the” hyperbolas, are named its vertices; | 
Alſo a ſtraight line which paſſes through ; 
the centre, and biſects any ſtraight 'line 
terminated by the oppoſite” hyperbolas, | 
but not drawn through the — is na- 
med a right diameter. 7 

V. The diameter which pally nen | 
the foci is named the tranfoerſe dew 207. 

VI. If from either extremity A of the 


tranſverſe axis, « ſtraight line AD de 


ced equal to the diſtance between the centre 
C and either focus F, and from A as a 
centre, with the diſtance AD, a circle be 
deſcribed, meeting in the points B, 5 a 
ſtraight line drawn through the centre G 
at right angles to the tranſverſe axis; the 
nen line Bb is named the ſecond axis. 
VII. Two diameters, each of which bi- 
"ſets all ſtraight lines parallel to the other, 
and terminated both ways by the hyper- 
| bola, « or oppolite hyperbolas, are named 
conjugate diameters. | | 
VIII. When a ſtraight line not drawn 
through the centre, yet terminated both. 
ways by the hyperbola, or oppolite hyper- 
bolas, is biſected by a diameter, it is ſaid 
to be ordinately applied to that diameter, or 
"nh is 750 ſimply, an ordinate to the dia- 
SA > 7 meter. 


Fig 0 r d 


meter. Alſo; a diameter parallel to 3 
graight line ordinately applied to another 


being produced both ways, falls without 


45 exceſs of GE above SF 15 ow; ta che 
tranſverſe axis Ag: 


the ſtring, the pin. by which the hyperbo- 
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diameter, is ſaid ta be Ts applied to 
this other-diameter. + 

IX. A ſtraight line which auen the by- 
perbols in only one point, and which, 


the oppoſite hyperbolas, is {aid tQ bel = 
1 7 in TOO "arte | 


PROP. 1. | Tuxon. 


If from a. point. in an 3 

two ſtraight lines be drawn to 
the foci, the exceſs of the one 
above the other is equal to che 
tranſverſe . | 9 


Let G be a point in an 6” BY hes 


Let EGH repreſent the ruler, and FGH 


la is deſcribed being ſuppoſed to remain at 


G; from EH, FGH take away the com- 


mon part GH: and the exceſs of GE above 


G * be equal to the el of the 
length 


ah of -the — the a 
and this eoncluſian will hold where-ever 
the point G ſhall be fituated in the hyper- 


bola. And ſince the pointy A, a, the ver- 
tices of the tranſverſe” axis, are in the op= 
polite. hyperbolas, the exceſs of AER above 
AF, and the exceſs of aF-above R, are 
each of them equal to thę excels of the 
len geh of the ruler above that of the ſtring, 
that is, to the exceſs of EG above GF; 
and therefore theſe two exceſſes-are equal 
to each other: but let AF be added to 
each of the two ſtraight lines AE, Ap; and 
the exceſs of AE above AF will be equal to 
the exceſs of FE above twice AF. In like 


manner, the exceſs of aF above. aE wilt be 


equal to the exceſs of the ſame, FE above 
_ twice aE; EE, therefore, exceeds twice AF 
by the ſame, exceſs by which it exceeds | 
twice aE: twice AF is, therefore, equal to 
twice aE; and therefore AF is equal to aE: 

therefore the exceſs of AE above AF is e- 
| qual to the exceſs of AE above aE, that is, 
to; the tranſverſe axis aA; and therefore 

the exceſs of EG above GF is equal to the 
ſame tranſverſe axis aA. 


i 8 e Aer, to "od 


* 
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C to CE, CA is equal to Ca, chat is, _ 


tranſverſe a axis 1s biſectedi in the « centre. 


(ont 
* 


"PROP. 1. . 


Let 3 be a point from — 
two ſtraight lines are drawn to 
the foci of oppoſite hyperbolas; 
if the exceſs.of the one ſtraight 
line above the other be equal 
to the tranſverſe axis,' that point 
is in one of the 2 a 


Let G be a point, bern GE, oF are 


drawn to the foci; if the exceſs of the one 
ſtraight line above the other be equal to 
the tranſverſe axis aA, the point G1 is in 


5 one of the oppoſite hyperbolas. 


Of the two ſtraight lines let GF be 1 


leſs; and from the centre E, diftance FG, 
deſcribe a circle; let this circle meet FE in 
H; take GK aua to GF, and KE, by 


hypotheſis, will be equal to the tranſverſe 


axis Aa: and becauſe FG, GE are together 


greater than FE; FG, GK are together 


greater than FA and * together; there- 


V fore 


N 


2 Ty” — "STRAT „ 
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fore (FG, or) FH, the half of FG, GK, is 
greater than FA, the half of FA, aE; and 
therefore the hy perbola, towards the point 
A, falls within the circle: and fince i it may 
be extended beyond any given diſtance 
from the focus F, it muſt cut the circle 
ſomewhere: Now it cuts · the circle in the 
point G: For, if not, let it cut ĩt in another 
point D, on the ſame ſide of the axis on 
which is the point G; and join DE, DF: 
dhe point D then is in the hyperbola; and 
therefore the exceſs of DE above DF is e- 
qual to the tranſverſe axis Aa: but by hy- 
potheſis, the exceſs of GE above GF is e- 
qual to the ſame Aa; and PG is equal to 


ED: therefore EG is alſo equal to ED; | 


which is contrary to prop. 7. b. 1. of Eu- 
clid; therefore the co G 1 is in bs hy- 
bab 


1 R 0 p. 10, Tuzon. 


If two ſtraight lines be drawn TY 
from a point without an hyper- 
bola to the foci, the exceſs. of 
the one above the other i is leſs 


Li than the tranſverſe a axis; but if 
two 


4 CONIC SECTIONS: 0. 


two ſtraight lines be PROM | 
Kom of peint whthin'ah hyperbo- 
la to the foci, the exceſs of the 


one above the other is greater 


Jo * 


7 » 


5 than the tranſverſe axis. On 


the contrary, any point is with · 
"out or within an hyperbola, ac 
cording as the exceſs of two 
ſtraight lines drawn from that 
point is leſs or gms than ae 


? {3 


I ay S * 


2 


= rer ay 


Pig. 2. 


1 ths point I. 8 an ee 
Jet the two ſtraight lines LE, LF be drawn 
to the foci; the exceſs. of the one above 
the other is leſs than the tranſverſe axis 


Aa: For ſince L is without and F within 


the hyperbola, the ſtraight line LF muſt 
meet the hyperbola., Let LF, meet it in G, 


and join EG, and EL will be leſs than EG 


added to GL; the exceſs of EL above LF 


zs, therefore, leſs than the exceſs of EG 


and GL together above the ſame LE, that 


; is, than the exceſs of EG above GF, that 
| * than the tranſverſe axis Ag. 


on OY N 


Next, fromthe "_ M within che by⸗ 
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perbola, Gier ME, MF to the foci; ME 
will neceſſarily meet the hyperbola, be- 
cauſe the point M is within and the point | 
E without it: let it meet it in N, and join 
NF; then, becauſe MF is leſs than MN 
added to NF, the exceſs of ME above MF 
is greater chan the exceſs of the ſame ME 
above MN added to NF, that is, than the 
exceſs of NE above NF, that is, than 8 
tranſverſe axis Aa. 


The laſt "ee of the propolaion 1s ob- = 


. vious, NE 

Cok. = if e che vertex A of 5 
che tranſverſe axis, a ſtraight line be drawn 
at right angles to the —— axis, this 
/ ſtraight line is wholly without the hyper- 
bola, and conſequently touches it. 
Por in the ſtraight line take any point 

3 and join QF, QE; and in the axis 
place AR equal to AF, and join QR; then, 
becauſe AR is equal to AF, that is, to aE, 
RE is equal to the tranſverſe axis Aa; alſo 
QF is equal to QR: but QE is leſs than 
Q added to RE; and therefore the exceis 
of Q above QR or QF, is leſs than RE, 
that is, than the tranſverſe axis: Hence 
the point Q, and conſequently the ſtraight 
Une AQ, 1s without the hyperbola. _ 

f To PR O P. 


| | Fig. Io 
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'P R 0 P. . n 


The ſquare of half the ſecond axis 
is equal to the rectangle con- 


tained by the ſtraight” lines be- 


tween either focus and the ver- 


tices of the tranſverſe axis. Toh 


A 


Let Aa A the ranfits axis, C the 
centre, E, F the foci, and Bb the ſecond 


axis, which, from the definition of it, 1s 
biſected in the centre; join AB; and be- 
cauſr AB, CF are (6. def. 3.] equal, the | 
ſquares of AC, CB are together equal to 
the ſquare of CF, that is, to [G. 2. Elem.) 
the ſquare of AC added to the reQtangt 


AFat take away the common ſquare of AC, 


and there will remain the ſquare of CB e- 
- pq to the F Ara. 


"EL O P. v. Tator, 


If from a point in an hyperbola n 
4 ſtraight line be drawn at right 
Ei angles to the tranſverſe axis, and 


from that 08 a ſtraight line 
Lo: be 


Bc 
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be drawn to the nearer (io that 


| 7 of the foci; half the 
tranſverſe axis is to the diſtance 
between that focus and the 
centre as the diſtance between 
© the perpendicular and the centre 

is to the ſum of half the tranf- 
verſe axis, and of the ſtraight 


line drawn. from the point to 


that ſame focus. 


a Let G be the point 1n the hyperbola ; 
from G draw GD perpendicular to the 


tranſverſe axis Aa; and from the ſame 


point draw a ſtraight line GF. to. the near- 


er (to G) of the foci; CA, half the tranſ- 


verſe axis, is to CF, the diſtance between 
the centre and the focus E, as CD, the di- 
ſtance between the centre and the perpen- 


dicular, i is to the ſum of half the tranſverſe 


axis and of Gg. 

Draw GF to . other focus, a1 in ie 
axis aA produced place AH equal to GE, 
and from the centre G, diſtance GF, de- 


— 


Fig. 3. 4. 


ſeribe a circle, meeting the axis aA again 


| in K, and the * line EG in the points 


WE I. 
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L, M: and becauſe EF is the double of 
CF, and EK the double of FD, EK is the 
double of CD. Again, becauſe EL or Aa 
is the double of CA, and LM the double 
of GF or AH, FM is the double of CH: 
but, on account of the circle, EL or Aa is 
to EF as EK to EM [cor. 36. 3. and 16. 6. 
Elem.]; take the halves of theſe propor- 
tionals, and CA wall; be to CF as CD ta 
CH. 


PROP. vi. Tuzon. TY 


The ſame an remaining, 
if from the nearer (to the point 
in the hyperbola) of the vertices 
of the tranſverſe axis, and in 
this ſame axis produced, a 
_ © ſtraight line be placed equal to 
the diſtance between that point 
and the nearer (to that nearer 
vertex) of the foci; the ſquare of 
the perpendicular i is equal to the 
exceſs of the rectangle contain- 
7 ed 2b tho hes eee between the 
DR = * extremity 


| 
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' extremity (which is not the ver- 
tex of the tranſverſe axis) of 
that ſtraight line and the foci, 
above the rectangle contained 
by the ſegments between the 


perpendicular and the vertices 
of the tranſverſe axis. | 


Loet A be the nearer (to Shi point G) of Fig. 3. * 


the vertices of the tranſverſe axis; from A 
place in Aa produced AH equal to GF; 

the ſquare of the perpendicular GD is e- 
qual to the exceſs of the rectangle EHF, 
contained by the ſegments between the 
extremity H of the placed line AH and the 
foci, above the rectangle Ma, contained 


by the ſegments between the perpendicu- : 


lar GD and the vertices A, a of the tranf- 
verſe axis. a 

For ſince the ſtraight line CH is cut in- 
to any two parts in the point A, the ſquares 
of CA, CH are together equal to twice the 
rectangle ACH, together with the ſquare 
of AH [7. 2. Elem.], that is (CA, CF, CD, 
CH being proportionals) to twice the rect- 
angle FCD, together with the ſquare of 
AH or GE, chat 258 to twice the rectangle 
gs £ 8 | FCD, 
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FCD, together with the ſquares of FD, 
DG, chat is, to the ſum of the ſquares of 
FC, CD and DG [7. 2. Elem.].: therefore 


the ſum of the ſquares of CA, CH is equal 
to the ſum of the ſquares of FC, CD, DG: 


but the ſum of the ſquares of CA, CH is 
equal [ 6. 2. Elem. ] to the rectangle EHF, 


together with the ſum of the ſquares of _ 


CA, CF; and the ſum of the ſquares of FC, 
CD, DG i is equal [6. 2. Elem. ] to the rect 


angle ADa, together with the ſum of the 
ſquares of CA, DG, and FC: hence the 
rectangle EHF, together with the ſum of 


the ſquares of CA, CF, is equal to the 


rectangle ADa added to the ſum of the 
ſquares of CA, DG, FC: from theſe equals. 


take away the common ſquares of CA, CF, 
and there will remain the rectangle EHF, 


equal to the rectangle Ma, ee Wich 


the 0 of DG. 


PROP. vn. Turo. 9 7 


: 1 f from a point in an Jeypenbils ** 
| fraight line be drawn parallel to 


the ſecond axis, and meeting 
the tranſverſe axis; 1 the ſquare 


—_—_— _—_— CRY n ae | 


of | 
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of the tranſverſe axis is to the 
ſquare of the ſecond axis, as the 
rectangle contained by the ſeg- | 
ments (of the tranſverſe) inter- 
cepted between its vertices ms. 


the parallel 1s to the ſquare. of 
the Parallel. 


1 G be the coke in che + plein 
from G draw GDP parallel to the ſecond 
axis Bb, and meeting the tranſverſe in D; 
the ſquare of Aa is to that of Bb as 4 
rectangle ADa, contained by the ſegments 
berween the vertices of the tranfverſe and 
the point D, is to the ſquare of GD. 
Having drawn two unequal ſtrai ght 
lines GE, GF to the foci, place, from the 
nearer (to the focus F) of the vertices of the 
tranſverſe axis, AH equal to GF the lefler 
of them: then, becauſe CH, CD, CF, CA are 
proportionals, their ſquares are As pro- 
portionals; that is, as the whole, to wit, 
che ſquare of CH, is to the whole the ſquare 
of CD, ſo is the ſquare of CF to the ſquare 
of CA: therefore the remaining rectangle 
EHF is to the remaining rectangle ADa as 
che — * CF ro that of CA [cor. 19. 5. 
Elem. ]: 


5 Fig 3.4 
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Elem. ]: and,” by 3 the exceſs of the 
rectangle EHF above the rectangle ADa, 
is to ADa as the [6., 2. Elem, ] rectangle 


Gs Bs» © 
of * 


Aſfa to the ſquare of CA; 3 that 1 is, by the 
preceding propoſition, and fourth of this 


book, the ſquare of GD is to the rectangle 


Da as the ſquare of CB is to that of CA; 
and, inverſely, the ſquare of CA is to that 


15 of CB as the e ADa 3 is to the 2 4 


a 0 Gb. JE 


I” 
8% 
3 


Co R. The quares of Qcraight lines tn 
parallel t to the ſecond axis from points in 


an hyperbola, or in oppoſite hyperbolas, 
re to one another, as the rectangles con- 


ER by the ſegments intercepted, between 


4 . 


| thoſe ſtraight. lines and the vertices of the 


tranſyerſe axis, e I cor. 6. 2, 2. 


rares. 


: 
. 5 4 


PROP. VII. 


If from a point in an pee a 
ſtraight line be drawn. parallel to 
9 ache tranſverſe axis, and meeting 
the ſecond - axis; the ſquare of 
the ſecond axis 1s to that of the 

tranſverſe 


* 


w—_ Nn n 4 5 2 a 4 ” a 6 \ 
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= 


* of the parallel. 


From a point G of an brats FIG 


GN parallel to the tranſverſe axis Aa, and 
meeting the ſecond axis Bb in N; the in- 
| ference 1 1s as already expreſſed in | the ar 


For, by the receding, the ſquare of CA 
is to the ſquare of CB as the rectangle 


Da i is to the ſquare of GD: therefore, 1 in⸗ 
verſely, and by propoſition 12. B. 5. E- 


lem. the ſquare of CB is to the ſquare of 
CA, as the ſum of the ſquares of CB, G0 is 


to che ſquare of CA, together with the 
rectangle ADa, that 1 is, as the ſum of the 


ſquares of CB, CN is to > the: 3 of CD 
or . | 


Cor. Hence, if from two points of an 


— ar of oppoite./hyperbolas, 


there be drawn to the ſecond axis two 
ſtraight lines parallel to the tranſverſe axis, 
wi ſquare of che one Rraight line is to the 


4 EE. os - 
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tranſverſe, as the ſum of the 5 
ſquares of half the ſecond axis, 

and of its ſegment between the 
parallel and the centra, is to oe 


Fig. 4. | 
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| uaauare ,of the other, as: the ſum of the 
| A mquares of half the ſecond-axis, and of the 
diſtance; between the one, ſtraight line and 

the centre, is to the ſum of the ſquares of 

half the ſecond axis, and of the diſtance 

between the cher 9 5 Rae: and * 

centre. N 


4 , ; F * 8 
NE 4 
& ot £4 755 MS £ 3 
117 p * 
T3 
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5 C4 3 „ at {4 


k * ſſtraigit line, terminated. both 
Mays by an hyperbola, or oppo- 
ſite hyperbolas, and parallel to 
either axis, is biſected by the o- 


4 ail ker axis, or, What 18 the ſame 
thing, che axes are . conjugits 


- * Z ws, *..S . 
C » at's p 


, 227 151 TE 
— 155 diameters, | 310107 ' 15 nt NR H 
„1 1 DA sps 21% J d turd 


Fig. 8. ie; Fh, let the ſtrai be line. DE, he parallel 
to the ſecond axis Bh 'apd meet the tranſ- 
verſe in F; and thus te ſquare of DE is tp | 

the ſquare of EF as the rectangle A Fa is to 
the [ cor. 7113. +reftangla Aba: bence DE, 

E are gqualiency ow. i UA AT 49d 
Next, let DG be nth to the tranſ⸗- 

verſe axis An, and meet the ſecond axis 
Bb an: and * of PK i x 
2 1h ' e 


| therefore; equal, and they are parallele 


beck u. Mr 9561.4.” ings. 


the ſquare of KG;/as the ſum of the Ruapls | 
of CB, OK is co the fum of the ſame ſquares | 
cor. n OR: e ny OK 


are el. e 
4 4 U 24 Py 7 4 I M 


ik | ee 1 


A fraight Une terminated both be 
Ways by an hyperbola, or oppo- 
- fite hyperbolas „and biſected by 


either e 16 parallel t to che © o- 


8 F * % 
© ther axis,” FCC. 


275 * | 1 


k. tet ve be Biſelted 1 by th . Figs g 
verſs! axis in F, and let DK, EL be drawn 
parallel to the Kine axis, and meeting the 
ſecond axis in the points K, L; chen, be- 
cauſe DF, FE are equal, KC, CL. are alſo 
equal? dar cle ftuafe f DR 8 to that of 
EL as the ſquare of CB, toget he 
- ſquare of CK, Is to the user of CB, add- 
ed to the ſquare of CL; DK, EL are, 


« 


hence DE, KL are alſo Parallel: [g r. 1. Ex 
lem. ). 54-4, 1145489: 50 5X4 ell.comp#::; 
Next, let DG be biſected by the ſecond ; 
ais Feen. and let DPF, GM be 
mo hee IN Ua | drawa. 


a coNto SECTIONS 


| drawn parallel to the ſame ſecond axis, 4 
meeting the tranſverſe axis in F, M; chen, 
becauſe DK, GK are equal, FO, CM: are e- 
qual; and, of conſequence, FA, aM are e- 
qual: but the ſquare of DF is to the ſquare 
ot GM as the rectangle AFa to the rect- 
angle AMa; and the rectangles AFa, -AMa 
are equal; therefore the ſtraight lines DF, 


GM are equal, and they are parallel; 
3 NE, FR: are ee 3 1. E- 


OT 


Cos K. It is manifeſt from 5 Am 
tion, that the ſtraight lines DF, GM, 
which are parallel to either axis B&, and 
cut off, between the centre and the points 
where they meet the other axis, equal ſeg- 
ments 'C, MC, are equal. In the ſame 

manner, DK, EL are equal, which are par 
rallel to the axis Aa, and cut off the equal 
fegments CK, (I. © ai 

If, on the other hand, DF, CMare "I 
qual to each other, and parallel to Bb, they 
cut off equal ſegments. FC, MC. In like 
manner, if DK, EL be equal to each other, 
and parallel to e wy cut off * gr 
| ments. *. led Moo ESE wu 33S I: 


* RN * £ 0 
4 ? 4 4 


8 
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aby 1 line perpendiculer t to 
5 the tranſverſe a axis, and meeting 
it below the vertex, meets the 


| a in Nx: ere 1 80 ” 


Perpendicular a roads anden * As Fig. 64 | 
and meeting it in C, below - the verrex A; 
DC meets the hyperbola in two pointo. 
Let E, F be the foci; and from C, place 
CG equal to CF,” the diſtanee between C 
and the nearer (to O) of the foci ; and from 

ke other focus EK, equal to the tranſverſe 

axis Au. If, therefore, the point O be be- Fig. 6. 
low the fbcus F, it is evident, that EK is 

1efs than EG: but in che eaſe where the 
point C is above E, finee Aa, BK are equal, re 7- 

AK is equal to aE, chat is, to AP: and; — 4 

hypotheſis, FC is leſs than FA; twice E 

is, therefore, leſs chan twice FA, that bs, 
1G is leſs than FK; and thus EK is les 

than EG: make then EK to EF as EG is Fig. 6. 7. 


to a fourth proportional EH; and ſinee 
EK is leſs than each of che two EF, E, 
and, of conſequence, much. leſs than RH, 
EK, EH are | 25. 5. Elem. ] together greater 


5 c oN SECTIONS. 24 


than EF, EG together. From theſe une 
quals take away twice EK, and KH will 
be greater than KF and KG together, that 
is, than twice KC; for CF is equal to CG: 
hence, if KH is biſected in L, KL will be 
greater than KC; and therefore the point 
L falls below the ſtraight line ED; and a 
circle deſcribed from the centre E, with 
tthe diſtance EL, will neceſſarily meet CD 
in two points D, d. Deſcribe, from the 
centre D, diſtance DE, another circle, 
which will paſs through the point G; join 
DE, and let this circle meet it in the 
points M, N; and ſince EK is to EF as EG 
to EH, the rectangle HEK is equal to the 
rectangle FEG, that is, to the rectangle 
MEN [ 36. 3. Elem.]; ; and ED, EL are e- 
qual: and thus their Paras are equal: 
from which take away the equal rectangles 
MEN, HEK, and the remaining ſquare of 
DM or DF is equal to the remaining ſquare 
of KL [G. 2. Elem.]: hence DM and KL 
are equal; which being taken from the e- 
Auals ED, EL, the remainder EM. is equal 
to the remainder EK, or the tranſverſe 
axis Aa; and EM is the exceſs of DE a- 


4 bore DF: — the ous D is in the 
1 yn „  hyperbols. | 
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hyperbola. In like manner it may be de- 


monſtrated, that the "ny d 1s 1n the _— 
n 85 N 3b, 1% OO HEY 


DEFINITION. A. l 


If through one of the ventices of _ * 8. 
/ nil axis a ſtraight line be drawn e- 
qual and parallel to the ſecond axis, and 
biſected by the tranſverſe axis; the ſtraight 
lines drawn. through the centre and the 
extremities of the parallel are named the 


Os. 


' Cds. 1. The 0 of two oppoſite hh 
| hyperbolas are common to both. 
For let CD, CE be the aſymptotes of the 
hyperbola AF, and draw through the ver- 
tex A of the tranſverſe axis the ſtraight line 
DAE parallel to the ſecond axis Bb, and 
| through the other vertex a the ſtrazght line 
dae parallel to DE; then becauſe CD, CE 
are aſymptotes, DA, AE are each of them 
equal and parallel to CB, the half of the 
ſecond axis: and becauſe DE, de are paral- 
lel, and CA, Ca equal, ad, ae are equal 
and parallel to AD, AE; conſequently they 
. | | are 


= - 


way 
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are equal and parallel to half” the ſecond 
axis :. therefore Cd, Ce are n of 


the oppoſite hyperbola a. 
. Cox. 2. The aſymptotes are 3 to 
| ſtraight lines joining the extremities of the 


| axes; for if AB, bA be joined, CE, CD are 


Fig. 8. 


_— to chem [: 33. l. Elem. ] 


. rROP. XII. . 


The aſymptotes do not meet che 


uyperbola. 
Let there be an hyperbola, the ae 


axis of which is Aa, and the centre C, and 


5 through A draw a ſtraight line perpendi- 
cular to CA; and in this perpendicular 


take AD, AE, equal, each of them, to half 


the ſeond axis; join CD, CE; which are 


therefore the Alymptotes and, if poſſible, 
let CD meet the hyperbola in F, and 


through F draw a ſtraight line parallel to 


Da, and meeting the axis Aa in G; and 


ſince the rectangle AGa is to the ſquare of 
GF, as the ſquare of CA is [7. 3.] to that 
of CB or AD, that is, as the ſquare of EG 


is to that of GF, the rectangle AGa is e- 
qual to the ſquare of CG; which is ab- 


2 1 | turd : 


— 
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ſurd i the aſymptote, therefore; meets not 
3 F; nor, as it may be 


ſhewn 6. 2. Elem. ], does it meet the _— 
perils in _ _— __ 


1 "" 1 $4 


PROP. x0. Taxon. 


1 E a point of an hyperbo- 5 
la a ſtraight line be drawn paral- 


lel to the ſecond axis, and meet- 
ing the aſymptotes; the re&- 


angle contained by its ſegments 


intercepted between the aſymp- 


| totes and that point, is equal to : 
the ſquare of half the ſecond 4 


x Axis. 5 * 
Let F bel a point in the Byperbeit : 
through F draw KFL parallel to the ſecond 


* 


axis, and compo, the aſymptotes in the | 


En ; the rectangle, &c.' 


nx draw DAE, meeting the aſymptotes 
in che points D, E; and let KL meet the 
ſame axis in G: therefore AD, Ak are 


each of them equal and parallel to half the 


ſecond axis. To the ſecond axis draw the 


— 


4qQ14-- © ſtraight 


Fig. 8. 


. 'Thi6ojftr che vertex A of the treter 


— H — rh — 
> 


the 8th propoſition of this book, the ſquare 
of CB or AD will be to the ſquare of CA 


to the ſquare of FM or GC; and the 
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graight line FM parallel to CA; and, by 


as the ſum of the ſquares of CB, CM is 


ſquare of AD is to the ſquare of AC as the 
ſquare of KG to the ſquare of GC; there- 


fore the ſum of the ſquares of CB, CM + is 


to the ſquare of GC as the ſquare of KG is 


to the ſame ſquare of GG: the fum of the 


ſquares of CB, CM is, therefore, equal to 
[9. 5. Elem.] the ſquare of KG: from theſe 
equals take the equal ſquares of CM, FG, 
and the remaining ſquare of CB is [5: 2, 
Elem.] equal to the remaining rectangle 
KFI.. In like manner, if KL meets the 
hyperbola again in H, it may be ſhewn, 


+ - that the rectangle KHL is ny; to the 
IT 1 8 t . 


Con. Hence if in a ſtraight line KL: ter 


minated by the aſymptotes, and parallel 


to the ſecond axis, there be taken a point 
F, ſo ſituated, that the rectangle KE. 
may be equal to the ſquare of the ſecond 


axis; that point is in the hyperbola. 
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"PROP. x1v.-  TrzoR. key 


1. a a fright line meetin g an hyper- 
| bola in two points, meets alſo 
the aſymptotes; the rectangle 
contained by the ſegments be⸗ 
tween the aſymptotes and the 
one point is equal to that con- 
tained by the ſegments between 
the ſame aſymptotes and the o- 
ther point: Alſo if a ſtraight 
line meeting two oppoſite hy- 
perbolas in two points, meets 
| likewiſe the aſymptotes; the 
_ rectangle contained by the ſeg- 
ments between the aſymptotes 
and the one point, is equal to 
that contained by the ſegments 
between the ſame alymptotes 
and the other point: And in 
both caſes the ſtraight lines be- 
| tween the aſymptotes and the 
points are e e 


i X 2 | Let 


Big. 5 
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Let AB be a ſtraight line meeting the 
hyperbola, or oppoſite hyperbolas, in the 
points A, B, and the aſymptotes in C, D; 
the rectangles CAD, Ang are quad; "wn 
CA, BD are equal. : 

Through the points A, B draw Araight 
bogs parallel to the ſecond axis, and meet» 


ing the afymptotes in E, F and in G, H: 


and ſince, by the preceding propoſition, 
the rectangles EAF, GBH are each of them 
equal to the ſquare of half the ſecond axis, 


they are equal to each other; therefore, as 


EA to GB ſo is BH to AF: but the tri- 
angles being equiangular, as EA to GB fo 
is CA to CB; and as BH to AF foi is BD to 
AD: therefore as CA to CB ſo is BD ta 
AD: the rectangle, therefore, CAD is en 
qual to the rectangle CBD: Take away * 


gr add ef the common rectangle AC, BD, 


and the rectangle CAB. is equal to the rect- 
angle ABD; and therefore the ſtraight 
lines AC, BD are equal bi. 6. Elem.]. | 


wy R, If from two points A, L in an * 


21 the caſe where the points are in the ſame kypers 
bola. 


3 In the caſt where hy points ars in oppoſe hyper- : : 
a4. 


57%: e perbala, 
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perbola, to either aſymptote KC firaight 
lines AM; LN be drawn parallel to the o- 


: ther aſymptote there being drawn to any - 


point B in the hyperbola ſtraight lines AR, 
LB, which meet the aſymptote KC in C, O; 


CO, MN are equal: for let AB, LB meet 


the afymptote KP in the points D, P, and 


to the other afymptote KC draw BQ pa- 


rallel to the aſymptote KP; ſince AC, BD 


are equal, as alſo OL, B; CM, QM are e- 


qual, as alſo ON, QK; CM, therefore, is 


equal to ON; and _ 3 9 


ny MN are N 


If eck two asl in an Ts? 
perbola, or in oppoſite hyperbo- 
las, two parallel ſtraight lines be 


drawn which meet the aſymp- 


totes; the rectangles contained 


by their ſegments between the i 


points and dne enn are 
equal. | 


Let A,B be two be in an es: 
ar in ®P pofite hyperbolas; chrougs theſe ' 


_ points: 


3 


166 CoNTC SECTIONS! 5 Dy 


points draw CD „EP parallel to each other 
and meeting the pb OC, OD in the 


points C, Serge F; the rectangles CAD, 


EBFfare equal. 
Through the polity A; B to ah afrrtips 


taxes draw the ftraight lines GAH, KBl. 


parallel to the ſecond axis; and becauſe 
the rectangles GAH, KBL are each of them 


5 equal [13. 3.] to. the ſhuare of half the ſe- 


Fig. 10 


. 2. 


cond axis, they are equal to each other: 


therefore GA is to KB as BL to AH; but 


the triangles GAC, KBE being equiangu- 


lar, GA is to KB as CA to EB; and the 
triangles LBE, HAD being equiangular, 


BL is to AH as BF to ADB: hence CA is to 
EB as BF to AD; and hence t the rectangles 


f ber EBF are : equal. 


„on! 1. PEN if Get che centre a 
ſtraight line AOM be drawn meeting both 5 


the hyperbolas, and parallel to the ſtraight 
line BEE, the ſquare of either ſegment AO, 
intercepted between the centre and either 


hyperbola, is equal to the rectangle EBF. 
The demonſtration is the ſame as in the 


: propel tion. 


| Cor, 2. „ Hence * are line drawn 
dre 


Nook. Tax Hrean#ots/ Wy 
through the centre, and terminated * op- 


. poſite hyperbolas, is biſected in the centre. 


_ Cox, 3. If CD, EF meet an hyperbola, 


of its oppoſite hyperbola again in the 


points M, N, the rectangle ACM, or ADM, 


is equal to the rectangle BEN or BEN; for 


AC, M are equal, as alſo BE, NE. 
Con. 4. And ſince it has been et; 
that the ſquare of the ſemidiameter AO or 
OM is equal to the rectangle EBF, that is, 


to BEN; BE, for this reaſon, is to AO as 
AOto EN; and conſequently BN is great- 
er than [2 5. F. Elem.] twice AO, that is, 


than AM; that is, a tranſyerſe diameter 


is leſs than any ſtraight line parallel to it, 


and terminated in oppoſite hyperbolas. 


Con. F. If in a ſtraight line BN termi- 


- nated by the hyperbolas, there be taken 
points E, F, which make each of the rect 


ſemidiameter AO, which is parallel to BN; 
_ the points E, F are in the ee, | 


angles BEN, BEN equal to the ſquare of the ba 


Fig. 1 
A, 1. 


* * 
| Fi | 
1 g 
; . 6 
1 
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| PROP. XVI, Taz. 
. from a point in an hyperbola to 


the aſymptotes any two ſtraight 


lines be drawn, to which other 


two ſtraight lines drawn to the 
aſymptotes from any other point 
in the ſame or oppoſite hyper- 
bola, are parallel; the rectangle 
contained by the former ſtraight 
Unes is equal to that contained | 


by the latter. 


or in oppoſite hyperbolas; through A draw 


the ftraight lines AC, AD to the aſymp- 


totes, and through B draw BE, BF paral- 


lel to AC, AD; the rectangle CAD 3 is 4 ; 
dual to the rectangle BBE. 


Draw through the poitits A; B to the a+ 


ſymptotes the ſtraight lines GAH, KBL pa- 


rallel to the ſecond axis, and the propoſi- 


non may be demonſtrated in the fame 
words with the OY 8. 


12 A, B be points in an e 


1 | Cook. 
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Cox. 1. Hence, if from two points in 
an hyperbola, or oppoſite hyperbolas, 5 
one or both of the aſymptotes, two ſtraight 
lines be drawn parallel to the other aſymp- 
tote, or to both of them; the rectangle con- 
tained by the one parallel and the ſeg- 
ment between it and the centre, is equal 
to that contained by the other parallel and 

the ſegment between it and the centre. 
Let A, B be the points; through them 
draw AC and BE, or BF, parallel to the a- 
ſymptotes; the rectangle contained by the 
parallel AC, and the ſegment CO between 
AC and the centre, is equal to the rectangle 
BEO or BFO: for if the parallelograms 
ACO, BEOF be completed, the rectangles 
CAD, EBF, that is, the rectangles ACO, 
| BEO, will be equal. 
Con. 2. And fince the age CAD, 5 
EBF are equal, AC is to BE as BF to AD; 
and the parallelograms ACOD, BEOF be- 
ing T t are therefore equal 114. | 
6. e e | | | 


* 2 | _ 
| 1 yy Fl , 
p P R 3 1 
# 4 0 g 


Fig. 12. 


P RO P. XVII. TBxok. 


Any ſtraight line drawn through 
the centre, and which paſſes 
within the angle contained by 


the aſymptotes, meets the hy- 


5 nee. 


Let AB, Ac be che aſyraprotes, and: AD 
the: half of the tranſverſe axis, and let AE 


be any ſtraight line drawn through the 


centre and paſſing within the angle BAC; 
AE meets the hyperbola. For if AE meets. 


not the hyperbola, through D draw BDC 


parallel to the ſecond axis, and meeting 
the aſymptotes in B, C; draw alſo DF pa- 
rallel to AB, and let DF meet AE in F; 
and having taken BG equal to DF, join 
GF, which will be equal and parallel to 
BD, and will therefore meet the tranſverſe 
axis at right angles, and ſo will cut the 

hyperbola [II. 3. ]: let it cut it in H on the 
ſame ſide of AD on which is the point F; and 


let it meet the other aſymptote in K: ſince, 
therefore, the point F is without the hy- 
perbola, GH is greater than GF, that is, 
5 chan BD; and HK is | greater than DC: 


therefore | 
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therefore the rectangle GHK is greater | 


than the rectangle BDC, that is, than the, 


| ſquare of BD: but, by the 13th of this 


book, the rectangle GHK 1s equal to the 
ſquare of BD; which is abſard: therefore 
AE neceſſarily meets the e hyperbola, | 


Col. If fm the centre a raight line Fig. 10. 


io. An 


OA be drawn within the angle contained 
by the aſymptotes, and the ſquare of that 
_ ſtraight line be equal to the rectangle EBF, 


contained by the fegments of any ſtrai ght 


line wart to OA, which are intercepted 


between the point B, where that parallel 


meets the hyperbola, a points E, F 
where it meets the aſymptotes; the point 


A is in one of the hyperbolas: for, ac- 


cording to the propoſition, the ſtraight 


- line OA neceſſarily meets the hyperbola : 


if, therefore, it meets not the hyperbola 


: in A, let it meet it, if poſſible, in P; and 


then the ſquare of OP will be equal to the 
| [1 cor. 15. 3.] rectangle EBF, that is, to 


the ſquare of OA; which is abſurd: there= 


fore the point Al is in the hyperbola. 


Rs PROP; 


Fig. 12. 
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PROP. XVIIL [Prop. 13. B. 2.Apoll,] 


Tf within the angle contained by 
the aſymptotes any ſtraight line 
be drawn parallel to either of 


_ the alymptotes, it meets the hy- 


perbola in one point only, and 


paſſes within the hyperbola. 


Let chere be an hyperbola, the alymp- | 
totes of which are AL, AM; take any 
point N, and through N draw NO parallel 
to AL; NO will meet the hyperbola. For, 


=: poſlible, let NO not meet the 3 


la; and in the hyperbola 1 take any point P, 


through which draw PQ , PM parallel to 


AM, AL, and make the rectangle ANO e- 


qual to Mp; and having joined AO, 


produce it; AO will meet the 117. 3.] hy- 
perbola: let it meet it in the point R, and 


through R draw RS, RT parallel to AM, 


AL; therefore the rectangle MPQ is equal 


to the [16. 41 rectangle TRS: but the rect- 


angle ANO is made equal to the ſame 


MY; the rectangle, therefore, TRS, that 
, the SR ATR, is _ equal, to ANO; 


* 


which 1s impoſſible, becauſe RT is greater 


than NO, and AF greater than AN: there- 
fore NO - muſt meet the hyperbola. Let it 


meet it in the point V, and it is to be pro- 


ved that it does not meet it in any other 
point: For, if poſfible,” let it meet it like- 


wiſe in X, and through V, X draw VT, 
2 parallel to AM; therefore the rect- 


angle NVY is equal to the rectangle NXI.; 


which is abſurd : therefore NO meets the 
hyperbola no where but in the point V. 


Laſtly, in the ſtraight line NV produced; 
take the point X, and through X draw a 


ſtraight line parallel to AN, and let this 


parallel meet AY in L and the hyperbola 
in Z therefore the rectangle XLA is great - 

er than VYA, that is, than ZLA; there» 
fore LX i is greater than LZ; and thus the 


N Point X is within the hyperbola. 


a I, It appears * the e 5 
tion, that a ſtraight line drawn through 


the centre, and paſſing between the aſymp- 
totes, meets the hyperbola in one point 


only: for ſhould AR meet the hyperbola 


in another point O, the rectangles RTA, 


NA would be equal; which is abſurd. 
am 2. — ſtraight line meet an 


hy perbola, 
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——— —ͤ — — + 


hyperbola, or oppoſite hyperbolas, in two 
Points, it meets both the aſymptotes; for 
if it were parallel to the one of the aſymp- 
totes, it would meet te 8 e in 5 5 
one . 2 
Cor. 3 . And if a Amigbe line touch an 
5 it meets both the aſym protes ; 
for if it were parallel to the one of them, 
it would paſs within the abe . | 


is abſurd; 


Con 4. If We che point Ni in one 
aſymptote a ſtraight line NO be drawn pa- 
rallel to the other, and in this ſtraight line, 
and within the angle within which the hy- 
perbola is deſcribed, a point V be taken, 
making the rectangle VNA, contained by 
a ſtraight line between the aſymptote AM 
and the point V, and by the ſegment be- 
tween that ſtraight line and the centre, e- 
qual to the rectangle PMA, contained by 
a a ſtraight line drawn from any point P of | 
the hyperbola, ſo as to be parallel to the 
aſymptote AL, and by the ſegment -be- 
tween this parallel and the centre; the 
point V is in the hyperbola: for if NO 
meet not the hyperbola in V, let it, if poſ- 
ſible, meet it in X; the rectangle XNA is, 


| oo equal; to FUN rectangle PMA, 
a _ that 
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that is, to the rectangle VNA; which is 
abſurd : . the moms Vis in che _ 

n nt oy 


PR We. XIX. raren. | 

Lo through a point A of an hyper- Fig 13 
bola a ſtraight line be drawn 

meeting both the aſymptotes i in 

the points B, C; if from either 

of the points [6 ths ſtraight 
line CD be placed equal to the 

| ſtraight line intercepted between - 
the point A in the hyperbola 
and. the remaining point B, ſo 
that the extremity D of the 

_ ſtraight line CD, and the point 

A in the hyperbola, may be ei- 

ther both between or both be- 

yond the points B, C; the point 

PD, in the one caſe, is in the hy- 
perbola in which the Point A 

is; but in the other, it is in the | 

j oppolite N © 
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Let G be the centre of the e 
* through A; D, to either aſymptote 
GB, draw ſtraight lines AE, DF parallel 
5 to the remaining aſymptote; and, becauſe 
/ of the parallels, BA is to DG as BE; to FG: 
| but BA, DC are equal; therefore BE, FG 
are equal; and ſo BE, EG are alſo equal: 
and becauſe of the equiangular triangles 
d AE i is to DF as BE to BF, that is, as FG 
to EG the rectangle AEG is therefore e- 
; qual to the rectangle DFG, and the point 
A is in the hyperbola; and therefore the 
point D (GF being one of the aſymptotes) 

5 + W e [400 cor. ne 


PROP. XX. ae, 


If a ſtraight nne ents / both the 

ſtraight lines containing the 
angle adjacent to that Within 
| e an hyperbola is deſcribed, 


it meets each of the et 
in only one e e FLEE 


. Fe 15 HUGE . 
Fig. 13 Let chere yg an " hyperbola, — — 
totes of which are GB, GC, and let the 

ſtraight line BC cut them in the points 
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B. Of and having taken in the hyperbolas 
op Point EH, through that point draw | 
par: et ro 50, and mecting the a- 
ptötes in I, K; and to the ſtraight line 
"Be " Dips rectangle equal to the rectangle 
Mik, and let this applied rectangle exceed 
bes ſquare 129. 6. Elem. ]; and let A, 5 
be the points of application; „ A, D are 
— ink the Uypetbolas. For through 7 "—_— 
H draw the ſtraight lines AE, AN, and 
HL, HM p alle to che alymptotes 2 7: 
becauſe” the rectangles BAC; KHI-are * 
qual, BA is to KH as HI to AC: but, on 5 


is to KH as AE 1 15 and HI is to A0 
as HNI to AN: therefore AE is to HII. 23 br 
HM to AN; and therefore the rectangle , 


, EAN, or -AEG, i equal tq the ectangle 

MIL, „or HLG; and the point H. is in the 12 

hy yperbola 3 J therefore the point A is alſo in 
e fame or in the oppoſite hyperbola - 

IA. cor. 18. 3.]; and in the ſame” manner 

D is in the hyperbola oppoſite to the hy- 

perbola in which. che point A ist Abd it 

. nifeſt, that BC does nat meer «- 8 

PS pypal Lay y other Point. 


a / N 
* £4 075340 nt 11 983 
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con Hedee if a ſtraight line BC cut 
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both the ſtraight nes containing che = ö 
adjacent to that within which che hyper: 
bola 15. deſcribed, and 1 in BC produced a 
point Abe. taken, 1 which makes the rectangle 
BAC equal either to K III, coptained by 
the ſegments of any ſtraighr hne HK pa- 
5 Tallel to, BC, which Tegments | are. inter⸗ rr 
cepted between the point H where. : HK 
meets the hyperbola, and the points K, + 
where it meets the, aſymptotes; or to the 
ſquate of the temidiameter parallel to BC; 


dhe b A is in one of * Picea 
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1 e 7 T9 4 N 99 4 


1 iP R 0 7. "oft * rasen. 


5 Lo 2. ſtraight line cut an the 

ſtraight lines within Which an 

- hyperbola is deferibed; if the 

ſcquare of the half of it be not 

lels than the” rectangle contain- 
ed by the le ments of another 

A line drawn parallel to it 

through any point of the hy- 

. ect which ſegments are be- 
tween the . and the 


« N has , 1 
ab #7 + „ 6 3 its ig? 
j — 3 3 
N 0 


* x 
J 
2 


—_ 


ent uE H T px T * N 0 L 4. ? hs 
EE es; that ae the 
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£4 1 E 


7 A 
bel , 4 1 
20 . my 1 1 

10 


"meets the, hyperd ola. 


Let were be an p 2 1 ne TY 
25 'of "which, are OC, OD, and et a 
ight Und GH cut them; GH meets the 
hype ola, if the ſquare of 3 its half be not | 
le J than the” reckantgzle mentioned in che 
propolition. 3 ö TS | 
Having En in 1 e any 5 * i 
5 point M, chroug h that Point draw. 5 | = 
"Hraight line parallel to GH, and meeti 5 
the afymptotes in K, L; and to the fa CT 
GH" apply 4 rectangle equal to the ret 
angle KML, and Algen by a ſquare; s 
which, Ee" the determination, is pol- 
tels, 28. 6. Elem. J and let A be che 
point of application; this point wilt be in 
the hyperbola: for if the ſtraight lines AC, | 
MN be drawn through the points A M  ; 
Parallel to the a aſymptotes, . the rectangles 1 
88 MNO «5 wi be equal; becauſe the 
reckangle GAH is equal to the rectangle 
KML; and the point M is in the hy- 
perbola: therefore the point A is alſo in 
In like manner it may be Proved,.! that 
je other point of application is in the hy- ?- 
3 but if the ſquare of the Half of 
% 0 RR: 


77 core $BCTIONS;/ 
G be equal to the rectangle K. IL, : 
i point biſeQing GH is the ws e of 
| GH tae? is in the hyperbola. * . 


4 


5 85 Gos. pf aig if a firaight line GH. nk : 
che aſymptotes Ok, OL of; an hyperbola, 
and in GH a point A be taken, making 
the rectangle GAH equal either ta the rect- 
angle KML, contained by the ſegments. of 
any ſtraight line KL parallel to GH, which 
. ſegments are intercepted between the point 
M where KL meets the hyperbola, and the 
points K, L, where it meets the aſymp- 

totes; or to the ſquare of the ſegment of 

the tangent parallel to GI, Which ſeg⸗ 15 
ment is between the alymptote and point 
as Same ee W 9775 one v6! hay 


# « © 4 was N — 
" 2 8 . * 
— * „ A 0 = 
= 2 , 4 z a a . 
5 . 


PROP. XIII. lee e, M. AI | 


An aſymptote and the hyperbola, 
produced without end, conti · 
nually approach; and the di- 
ſtance between them becomes 
le than any given diſtance, | 5 

8 4 =” 805 + propoti 12. iel 22155 719 

by * „ 


* 


beck l. 72 HI EA ; * _ 15 Ws 

Let there be an hyperbola, the afymp= Ty. 7 + 

totes of which are AB, , and let D be 

the given diſtance; and in the bypetbola _ 

let E, F he two points, through bien 

draw GEII, CEL parallel to each other, , 

and eting the afymptotes in the points . 

G, H and C, L; Join RE, and let it meet 
n, becauſe the, rectangle 


| (L. in K: tb 
GEH [ts. «11 is equal. ro. the rectangle 
CEL, LF is to HE as EG is to FG: but LF | | 
is greater than HE, becauſe KL. is greater 'v 

. than HE; therefore EG is alſo greater than 


FC. In like manner it” may be proved, „ 
that the ſtraight lines which follow are . 
| ſucceffively leſs ' than FC. Take then a 
_ diſtance GM leſs: than the diſtance D, and 
through M draw MN parallel to AC; 
therefore MN will meet [ 18. 3.] the per- 
bola: Let it meet it in N, and through N 
draw ON parallel to GH; ON is, there 
fore, equal to GM, - {nd therefore leſs than . 
Fee 1 10 Pi , 
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ſeected in P; che right line BC 40 cl 


. Conte SEC TIONS; Xo 
1 Orcie317 5 2 17 4 4 7 
3 „ R 0 r. XII. 
17 a Arab line nde b *Y 
' tween the aſymptates meets. the 
5 hyperbola, and is biſected in the 
point where it meets it, it 
touches the hyperbola; * and i, 
it touches the hyperbola, , , it, is 
biſectedi in the, point. of. cage. 


te)? 


"4 * 


5 Let chere _ an 1 the — 4 | 
totes of which. are AB, AC, and let a 
ſtraight line, BC, terminated by the aſymp- 
totes, meet it in the point D, and be bi- 


the hyperbola. 8 191 
Throu gh D draw DE 8 to ache, one 
: 3 ymptote AC, and meeting the other in 
E; and in BC take any point G, through 
which draw GH parallel to. DE; GHz will 
meet the hyperbola in [ 18. 3.] ſome point 
PF: then, becauſe BD, DC are equal, BE, 
EA are alſo equal; and, becauſe of the e- 

quiangular triangles, BE 1 is to ED as BH 
to HG; therefore the rectangle BEA is to 

; _e 1. 6. Elem. ] 3 DEA as the rect- 
| | angle 
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arigle BHA to GHA: but che 


BEA is [5.;2. Elem.] greater than 13. 8 


therefore the rectangle DEA is gteater 


14. 5. Elem.)] than the rectangle GH A; 


that is, (F being a point in the hyperbola), 
| rect; agle FHA is greater than the rect | 
angle GHA; and therefore: FH is greater 


than HG; therefore the point G is with 


out the hyperbola; and therefore che 


ſtraight line BG! touches the hy 
the. POPE? D. 


FP C15} W CR Th wy 4, > 4 1 L 

4 24 4 * 2133 7 ud 3 . We $$, #/ 75 os i IS 1 7 - of © 8 1 
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If: a  fraight line LM, rp 


FS £45 Sa 


by the aſymptotes, is  biſeed by 
the hyperbola in the poi nt 
| it touches hs hyperbola. ''- dee 


4 * 7 


2 > kb abide on LD nk non wiki che 


n for if it paſſed within the hy- 
perbola, it would neceſſarily meet the hy- 


perbola again in another point, becauſe 


the points L, M are without the hyperbo- 
la: but it is impoſſible for it to meet the 


hyperbola in any other point but D; for, 
it poſſible, let it meet it in N; therefore 
NM 3 30 A * that 1 18, 'ac- 


Wa J 


N 
| 
; 
| 


. 
—— ——— „ — 


4 7; 
V 


„„ 
oy” 


- C: ore 8 EC TIO Nx. 


FLeording to che hypotheſis} to DIA which 

zs abfurd: therefore LM * not within 
che hyperbola, nor meets it any v 

but in che point p; and therefore LM. 


7 touches it in D. On lhe contrary,” if the 
ſtraight line LM, terminated by che a. 
fſyßymptotes, touch the hyperbola in D. 
| is biſected in the point of contact. £4 Fig 
Poor if ID, DM are unequal, from DM 
che greater take away MN equal to D the 
| leſs; therefore the point N is [19/4.}'ih | 
W 8 Cates ; and therefore, contrary to 
the IO Oy youu cuts on LA 


#464 1 7. * 8 122 g 44 * 77 I 2 * _ 
D of it ER 54 nl | r 8 22 : | 


l oet D be a point- in-zhe — and 
| through that point to the aſymptote AB 
Araw a ſtraight line DE parallel to the o- 
ther; and take EB equal to EA, and ha- 
ving joined BD, let it meet the aſymptote 
Ain C: then, ſince BE; - ER are equal, 
BD, DC are equal; BC, thetefore, touches 
the hyperbola in D. And no other ſtraight 
line touches it in D: for, if pollible, let 
1 SOM Goh Wot ee ker 
2771 10 »y 5 E 


4 
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_ -quently LD, DM. are unequal: "therefor 


LM does not touch the hyperbola. * +: 5 


Cor. 2. Hence a method is pointed out, 
by which, if the aſymptotes AB, AC of an 
| hyperbola be given in poſition, a ſtraight 
line BC can be drawn which . unn 
the hyperbola in a given point D. 7 


CoR. 3. If through the vertices ak A | 


tranſverſe diameter two ſtraight lines be 


drawn touching, the hyperbolas, they are 


parallel to each other. Let AC,. BC be the 
| aſymptotes, and let AOB, QR touch the 
hyperbolas in the vertices of the tranſ- 
verſe diameter OCP; AB, QR are parallel. 


There being drawn to either aſymptote AC 
the ſtraight lines OS, PT parallel to the * 


ther, the triangles SCO, TCP are equian- 


gular: and ſince, by the propoſition, A0, 
' OB are equal, AS, SC are alſs equal; und, 
in like manner, QT, TC are equal: and 
00 is to Op as CS to CT; and, conſe- 
quently, as CA to Cn cherefore the 
triangles C OCA, PCQ are equian gular; and 
ere OA, PQ are parallel. N 
Con. 4. And if a ſtraight line de Alan 
parallel to a tangent, and meeting che hy- 
perbola, the ſquare of the ſegment {of the 
k-th between the point 6f contact and 
. | A a either 


„ 
* 
Fo 


N. I, 


186 CONIC SECTIONS. 


either of the aſymptotes, is equal to the 
rectangle contained by the ſegments of the 
parallel which are between the aſymptotes 
and the point where it meets the hyperbo- 
la; for this rectangle is equal to the rect- 
angle contained by the ſegments of the 


tangent [I 5. 3.] which are between the 


point of contact and the aſymptotes, thay 
is, to the ſquare of the ſegment (of the 


tangent) between the pale: of contact and 


* of _ af * 8 


9 A 


7 R 0 1 "XXIV. PRO. : 


Fig. 15. The afyinptotes- AB, AC of an 


| hyperbola, and a point F in the 
4 ſame, being given in poſition, 
to draw a ſtraight. line which 


P ſhall touch the . hyperbola, and 


be parallel te a ſtraight line KO | 


4 given in poſition, 'and which 
Cuts both the aſymptotes of the 
Kin hyperbola, 9 dene hyperbo- 
be. E 


| Suppoſe the problem ſolved, and let BG 
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be parallel to KO, and touch the hyperbo- : 
lain D; and having joined AD, let AD 
meet KO in P; draw FRQ parallel to =_ 
and meeting the aſymptotes in Q, R 
and ſince the ſtraight line BC touches hb 
| hyperbola in D, BD is equal to BC [23. 3.]; 
and conſequently KP is equal to PO; and 

KO is given in poſition and magnitude; 
therefore KP is given, and the point P; 
and the point A is given; therefore the 
ſtraight line PAD is given in poſition: the 
ſquare of AD is equal to [ 1. cor. 15. 3.] the 
rectangle QFR : and ſince FRQ_ is given 
in poſition [ 28. dat.], being drawn through 
a given. point F, parallel. to.a ſtraight line 
AD given in poſition, and that AB, AC 
are given 1n poſition; 5 therefore FQ, FR 
are 15 5. 26. dat. given; therefore the rect- 
angle QFR is given; conſequently the 
| ſquare of AD is given; and therefore AD 
is given in magnitude: but the point A 
is given in poſition; therefore the point D 
is alſo given [ 27. dat. ]; ; and therefore the 
ſtraight line BDC is given in poſition. 
The compoſition is this: Let KO be bi- 

ſected in P; and having joined A, draw 
through the point F a ſtraight line FRA 


1 55 N to AP, and meeting the aſymptotes 


A 82 | in 
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the ſquare of AD f is equal to the rectangle 
ER, the point D is [cor. 17. 3] in the 


in the points R, Q: again, ieee c 


dend, and in either direction from the centre, 
; ler there be placed AD, ſo that it may be a 


mean proportional between FQ , FR, and 


through D draw BDC parallel t-KO; BC 


wilt touch the hyperbola in D: for ſince I 


hyperbola ;- and fince KO, BC are parallel, 
and that KO is biſected in P by the ſtraight 


j line PAD, BC is biſected in D; and there- 
fore touches che sen in the ſame 


TI D. 


* z r ! 
7 


PROP. XXV. Tarox - 


If: two ſtraight les touch an Eh 


perbola, or oppoſite hyperbolas, 
and cut the aſymptotes; the 


. rectangle contained by the Teg- 


ments (of the aſymptotes) inter- 
5 cepted between the centre and 
the points where the one frraight 


- Ine interſects the aſymptotes, is 


equal to the rectangle contained 
| by the ſegments (of the aſymp- 


5 „ totes) | 
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totes) intercepted between the 
centre and the points where the 


; other ee line TRE ty 


ee, e p 


„ 
Let there (Tot an 1 wah AB, Ab 
for its afymptotes, and let a ſtraight line 


BD touch it in C, and a ſtraight line GE 


touch the ſame, or the oppoſite. hyperbola, 
in E; the rs HO THEY! wan be 


equal. 


FL, FM parallel to the aſymptotes z then BCD 
pnneking the hyperbola, BC is equal to 


and conſequently. BA is the double of AH; 


and AD the double of HC; therefore the 
: rectangle BAD 1s the quadruple of the rect. 
angle CHA. It may be ſhewn in the fame 
manner, that the rectangle EAG is the 
quadruple of the rectangle FMA: but, by 


propoſition 16. of this book, the rectangle 
CHA is equal to the rectangle FMA; the 


rectangle BAD is ne 3 to the 
| WA EAG. | 


PROP. 


From the points ol F Pan CH, ck, 3 


AD Fig. 16. 


Fig. 16. 


LY oo, SECTIONS; 


** 7 


PRO P. XXVI, „Tunes. 
Ie two ſtraight lines dancing an 
hyperbola, or oppolite hyperbo- 
/ las, meet the aſymptotes; the 

W e cr lines drawn between the 
points of concourſe are parallel 
to each other, and to the 
Ty RS te line Joining the 1 : 
06. or ages 


E vr, Ps 
'P 3 


Lieb thaw ho: an pers wie 7 AB; 
AD for its aſymptotes; let BD touch it in 
C, and EG touch the ſame, or the oppo- 

te hyperbola,” in F; BE, DG, 1 
ed, are parallel to CF. 213 07 eres 17 8 

Since the rectangles BAD; EAG are e- 
qual, BA is to EA as GA to AD; there- 
fore BE, GD are parallel: join DF; and = 
ler it meet BE in N; then ſince DF is to 
NN as GF to FE, that is, as (23: en to Z 
. BN, _ are parallel. | 


wu 


0 R. of two. Wight lines 1 an 
3 the ſegments between the a- 
ſymptotes are cut, proportionally, in the 


Book III. RE is ix 6 


point O where the two. ſtraight lines i inter- 


ſect each SP and in = F the Rel = 


9 „ e 
0 , . 


PROP. XXVII. Tazox, 


Every ſtraight line drawn through 


the centre of an hyperbola, and 
i paſſing within the angle adjacent 
to that within which the hyper- 


js bola is deſcribed, is a bred ** | 


meter. 


+1 


Ha 3 1 an „ G AC, BC its 
a and draw any ſtraight line 


Fig. 15. 


N, 2. 


(E through the centre, and within the 


angle adjacent to the 5816 4 * is a 
right diameter. 

In BC produced rake any point D, and 
through D to CE draw a ſtraight line DF 
parallel to the aſymptote CA; and having 
made DG equal to DC, join GF, and let 


F meet CA in H: then, ſince GH meets 


the ſtraight lines CA, CD, which contain 


the angle adjacent to ACB, it muſt meet 


20. 3.] the hyperbolas: let it meet them 


| n the "Ow K, L; MH LG are, there- 


"- 


P _— ————— — — „ 


YI cone SECTIONS: W 


fore, equal {14; 3] A 
ve equal, and CH, DF. parallel, HF, FG | 
are equal; the whole EK is, therefore, er 
qual to the whole FL; and therefore CF 1s 


| [4 def. 3: ] a right 13388 71 39 


o E r. xi. 


Wia a NENT line tabs throu 85 the 

centre of an hyperbola, and biſected in the 

— is parallel to a ſtraight line which 

tauches the hy perbola, and equal to. the 
* (of the tangent) between the a- 
ſymptotes, it is named the ſecond diameter 
def the — "awn 1 the e 85 
PN Ei : Lana... 


2 


85 Con. ” hes every a TUM 4 
a right diameter; for it paſſes within the 
Angle adjacent to chat within which the 
Ruyperbola is deſcribed. 2 
Con. 2. Hence a ſtraight une eb 
Joins the vertices of tranſverſe diameter, 
and of its ſecond ame and thus cuts 
ene of the aſymaprotes,, is, parallel zo the 
other alymptote. 
Mg. 18. 1. For let OC pP be a dunfberſe diameter, 
n. 2. E l a ſtraight 


no. 


A - , 
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mne touching che hyperbola in the vertex 
of the "tranſverſe OCP; MO, NO are g 1. 


15 Elem. and 11. IT : 30 _ to CB, 
x! een S994 | W 7 IEP | 


* * 4 . 5 

N # og +4 / 1 

W * bs: , $ } wv MI 7 4 * Ys « 4 «2 AS 95 8 
" 4 3 = 3 F 7 4 


D E F. Xl. oh 50 


K chird 11 to two diameters, 5 


one of which! is a tranſyerſe diameter, and 
the other the ſecond diameter of this tranſ- 


rſe, is named the Jatus rectum, or the pa- 
rameter of that diameter which 1 is the fieſt 


ff a 10 ee 6, % had att: 


1. work a point in an hyperbola t to 
a tranſverſe diameter a. ſtraight 
© line be drawn parallel to the ſe- 

Cond diameter of that tranſverſe, 

f the ſquare of the tranſverſe dia- 

meter is to the ſquare of the ſe- 

cond diameter, as the redan, gle 

contained by the ſegments 9 4 

is tranſverſe which are be- 

_ tween its vertices and oo 2 


9 


N To F 


bg 2 
2 * 


PROP. XXVII. Tron . : 


Fig. 17. 
0 


n. 


o, ) 
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lel, is to the” ſuare are of the EN | 
„* 3 342, HT il | CL IOKEL NE 33487 , 


Aa bang a ban diameter, 20d B 
its ſecond diameter, CG, CF the aſymp- 
totes, and DE drawn parallel to Bb from a 
point in the hyperbola to the tranſverſe 


Aa; the ſquare of Aa fi is to the ſquare of 


Bb 3 as s the rectangle AEa is to che ſquare of 

Let DE. meet the ayraprotes ih F, G, 
and draw HAK touching the hyperbola i in 
the vertex A; therefore, by def. 11. of this 
book, HA is equal and parallel to BC, 


and, of conſequence, parallel to FE; and, 


becauſe of the equiangular triangles, the 


ſquare of CE is to that of EF as the ſquare 
of CA ts that of Fig 275 ſame 


ſquare' of CA to this A. C0 3.30 rect- 


angle FDG; the Pr rr, there- 


fore [19. 5. "lea. F? to che {quare of AH 
as the rectangle AP4 tor tlie ſquare of ED; 
the ſquare of Az, therefore, is to the Guary 


af Bbas the regatigle” N. to che ſquare of 
ED. | 


Cor. k. The ſquares of ſtraight lines 
drawn from points of an hyperbola, or of 
NW” the 


ö 
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the oppoſite hyperbola, to a tranſverſe dia- 


meter, and which are parallel to the ſecond 


diameter of this tranſverſe, are to one an- 


other, as the rectangles contained by the 


ſegments (of the tranſverſe diameter) in- 


tercepted between its vertices and thoſe Pa- 


rallels. See prop. 1 5. cor. 1. B. a. 
Cox. 2. And, on the contrary, A being 
an hyperbola, having Aa for a tranſverſe 


diameter, and Bb for the ſecond diameter- 
of Aa; if from a point D to the tranſverſe 
Aa a ſtraight. line DE be drawn parallel to 


the ſecond diameter, and meeting the 


tranſverſe, diameter produced in E, and the 


ſquare of CA be to the ſquare of CB as the 
"rectangle Aka to the ſquare of ED; the 
Point D is in the hyperbola. For ſince DE 
is parallel to BC, and conſequently to HK, 


which touches the hyperbola in the vertex 5 


of the tranf verſe diameter, it will, neceſſa- 


rily meet the aſymptotes 3. cor. 18, 3.], 
and of conſequence the hyperbola, :. if, 
then, it does,not meet the hyperbola. in D, 
let it, if Poſſible, meet it in another point 
4, on the ſame fide of Aa with the point 
D; therefore the rectangle AEa is to the 
- ſquare of dE. as the {quare of CA to the 
{ruare of. CB, that is, by hy potheſs, as 

— b 2 the 


Fig. I Ta 


5 Wok this re Yue 1 
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the rectangle AFb to the ſquare of DE; 
Jheebfove' 4B, DE are cual; which is ab. 
furd; DE, cherefbre, meets not the hy- 
Perbola in d, See as is re wg in 280 


Van but D. Th n 
eK. 3. Subſtiturethe Or erde i 

place of zltpſe, and the third corollary of 
prop. 15. B. 2. becomes a a enn 


o 


or- ry 


«4 FS 7 - 


$L&PY 2 + . } 


'P R 0 P. XXIX. Thzox. Fr 


it Hom a point of an | kypurbols to 
a ſecond diameter a ſtraight. line 
be drawn parallel to the tranſ- 
: verſe of that ſecond diameter; 
the ſquare of the ſecond diame- 
ter is to the ſquare of the tranſ- 
verſe diameter, as the fum of the 
- ſquares of half the ſecond. dia- 
meter, and of the ſegment be- 


tween the centre and the paral- 


lel, is to the ſquare of the N 
el. 


2 $f i; 


* 
s 


13 
CEP | 
805 
3 

4 ET 2 
fa 2 ? 
8 3 


From 
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int of the Rypesben to Fig. 17. 


the ſecond diameter Bb, draw DL. parallel 
to the tranſverſe diameter Aa; the ſquare 
of Bö is to the ſquare of Aa as the ſum of 
1 Ls in enen e 


DL, 120 ; £3: 53.7 #443 34 i; Lt; 4 'E ab | 


Thrbugh 4 point D draw DE parallel 
to BO; and fince, by the preceding pro- 


TA... 


of CB as the rectangle AEa to tlie ſquare of 
ED; therefore, inverſely, and by prop. 12. 

5. Elem. the ſquare of CB is to the ſquare 
of CA as the ſum of the ſquares of CB, ED 
to the ſquare of CA, together with the 
rectangle Aka, that is, as the ſum of the 


2 wy wrt (L co eee or 


DL, 1 + 9 15015 N | 1 9 . 
We 12 If ws two bind of an 8 

bola, or of oppoſite hyperbolas, to a ſe- 

cond diameter, two ſtraight lines be drawn 


parallel to the tranſverſe of that ſecond 


diameter, the ſquare of the one ſtraight 
line is to the ſquare of the other, as the 
| ſum of the ſquares of half the ſecond dia- 
meter, and of the diſtance between the 
one ſtraight line and the centre, to the ſum 
of the ſquares of half the ſame ſecond dia- 


- 


* . 


n, the ſquare of CA is to the quare 


meter, 
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meter; and of the diſtaſte between che. 0 
ther ſtraight line and che cent 
Co. 2. And, on the other hand, if 
l point D to a ſecond diameter BC 
of an hyperbola, a ſtraight line DIL. be 
drawn parallel to CA the tranſverſe of that 
ſecond diameter, and the ſquare of Bb have 
the ſame ratio to the ſquare of Aa that the 
ſum of the ſquares of CB, CL have to the 
ſquare of DL, the point D is in the hyper- 
bola. For ſince the ſtraight line;DL is pa- 
rallel to the tranſverſe diameter AG, which | 
is in the ſpace between the aſymptotes, it 
meets the ſtraight lines containing the 

angle adjacent to that within which the 
hyperbola is deſcribed, and, of conſe- 
quence, both the hyperbolas 20. 4.] ; 

and, as in the ſecond corollary of the pre- 
ceding propoſition; it may be proved, that 
it meets the hyperbolafin DOP). 
Co. 3. With the proper e the 

third corollary of the preceding holds as 
a corollary here. 


4 
x - l 4s , + 4 BW LA © % % . | 
1 * a £ g A, l ＋ 7 3 , * « £ 
, 4. + * 1418 Lt 3 wt 3 
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F * * 5 3 . 7 2 0 
17 — 7 x 5 , 
A 4 % . * I 2 * * * * F 
Mis 


f 


Book III. THE Hur E R BOLA. 199 


PR O P. XX. Tangos. 
Let there be a tranſverſe diameter, 
and its ſecond diameter; ; any 

ſtraight line terminated both 
Ways by the hyperbola, or the 
oppoſite hyperbolas, and paral- 
lel to either of theſe diameters, 
is biſected by the other of them; 
. or, what is the ſame thing, a ; 

| tranſverſe. diameter, and its ſe- 

cond, are conjugate diameters. We 

Cok. It is evident, that two diameters 
cannot be conjugated to the ſame diame- 
ter, whether. it he a Meets or a "_— 
diameter. dar led 


Weis 90 {1 


PROP. XXXI. THEOR, | 


Let there be a tranſverſe diameter, 
and its ſecond diameter ; any 
ſtraight line terminated both 
ways Pe, an hyperbola, or oppo- 

ſite 
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ſite hyperbolas, and biſected by 


either of theſe diameters, is pa- 

rallel to the other of them: and 

therefore ſtraight lines ordinate- 

le applied to either of theſe 

45 diameters are meer to each Q- 
WO 2 t 88 4s 106 * 

3 1. 1 fur a * pon 


its ſecond diameter, ſtrai ght lines parallel 
to either of them, and which cut off equal 


ſegments of the other, between the points | 
where:they meet it and the centre, are e- 
qual; and if parallel to either diameter, 
and equal to each other, they gut off, be- 
tween the centre and the points where they 
meet the other 3 ſegwents 
of this other diameter. 1 
Fig 17. Theſe two propoſitions, * ahis Grſ . 
e corollary, are demonſtrated: from the 28th 
| and 29th propoſitions, in the ſame manner 
in which the 9th' and” 1th propoſitions 
were demonſtrated from che yth and. Sth. 
Cox. 2. If wo or more paralleis are ter- 
minated both ways y an hyper hola, or 
hy perbolas, the diaineter * which biſexts the 


Oi one K 
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| one, or one of them, biſects the other, or 
the reſt of them; for that parallel which is 


biſected, is parallel to the diameter conju- 
gated to the biſecting diameter; the other, 


or the reſt, therefore, is, or are, parallel 
to the ſame conjugated diameter, and 
therefore is or are diſected by the other 
diameter | 30. 3.]. PBL 
Gene 1 & freight Une, on "ou a 
hard, which biſects two parallels termi- 
nated both ways by an hyperbola, or op- 
poſite hyperbolas, is a diameter: for if 
not, draw a diameter biſecting the one of 
the parallels; this diameter will biſeQ the 
other of chem; but, by hypotheſis, there 
is another ſtraight line which biſects 3 
which is abſurxc. 
_. Cor. 4. If a ſtraight line touch an — 5 
Pebble, a ſtraight line drawn through the 
point of contact, and which biſects a 
ſtraight line terminated both ways by the 
hyperbola, and parallel to the touching 
line, is a diameter; for a parallel to the 
tangent;as 1 1. def. 3.] parallel to the dia- 
meter conju gated to that which paſſes 
through the point of contact: and if the 
ſtraight line drawn through the point of 


contact, and which biſects the ſtraight line 
| CG mentioned, 
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mentioned, be not a diameter, draw a = 5 
meter through the point of contact; and 
this diameter will alſo biſe& 30. 3.] the 
parallel to the touching line, or to che con- 
inen diameter; which is abſurd. 
Cox. 5. Two ſtraight lines 3 
both ways by an y perbola, or by oppo- 
ite hyperbolas, and not paſſing through 
the centre, do not biſect each other: for 
if chey are both terminated by the ſame 
hyperbola, or by oppoſite hyperbolas, 
draw a diameter through the point where 
they interſect each other; and then, by the 
propoſition, they will be both parallel to 
the diameter conjugated to this diameter; 
which is abſurd: but if the one of them 
be terminated by the hyperbola, and the 
other drawn between the oppoſite hyperbo- 
las, it is evident that n cannot 1 
each other. ele e ee, e e 


F 


4 * * : . : 7 j 5 = of: ; ' 1 — 2 : #. 45 8 1 9 
4 * 2 ? #4 £5445 Fo r * 4 1 
7 1 
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A x eight line; clad through the 
vertex of 'a tranſverſe diameter, 
and which is parallel to a ſtraight 
110 e. applied to that 
. diameter, 


*. 


deR PRE AE x DIS,” 8 
diameter, touches the hyperbo- 


la; and if it touc 


h the  hyperho- 


10 ng it is parallel to ſtraight lines 
ordinately applied to the tranſ- 


2 In mans diameter n "—_— | 


the N of: contact. 


= Viot 


be ers * an e the # 9 * 
totes of which are CF, 
tranfverſe diameter, 4K chrcügk the ver- 


tex A of Aa draw HAK 


dinately applied to the une: Ag; ; "coun 


tonches the hyperbola, 


e, Jet Aa be a 


parallel to DM or- 


4 
* * "a .. a # 
* 4 2 * 


Fig. 17. 


The ſtraight line ordinately 1 85 to 


the tranſverſe diameter 


Aa is parallel i I. 


3-] to the ſecond diameter conjugate 


that tranfberſe; 5 therefore "HAK 790 
through the vertex A of Ad, is parallel to 


the ſame conjugated ſecond diameter; and 


therefore it touches the hy perbola fr I. 


def. 3.]. And, -on the other hand, if HK. 


touch the hyperbola, it 


is parallel to the 


Tetond diameter 1 * def. 3.1. of CA: but 


the ordinate DM is parallel to the ſame 


[3r. 3.3 therefore HK, 
t9, each Nr, 1 1 bt 


* If Ga : , 
* a 8 * t 
92 ; 2 


DM are proſe 


* 
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4 ſtraight line chat touches an 
{ * mg enn is diameter, 
there being drawi from the 
point of contact a ſtraight line 

1 ordinately applied to that dia- 
Fa meter; ; the ſemidiameter is a 
mean proportional between its 
48 ſegments intercepted between 
the centre and the ordinate, and 
8 between the centte it and | þ the tan- 
-T: I gent. wala 6 rode eaten 4 . wh 
2 * | 

l 1. When che nega — —_ a 
A e 


2 1 At; 1991 1117 25105 


3 


Fran waking hat Beale Be a in the 
N poine C, and 1 5 a de e diame- 
a e e eee 
fe 6? con Oo as to e or mate 
appliedkt to 05 'AD,' As, Nee are pre 
tionals. 3 5 

Through, the 1 vertex B let GBF be drawn 
__ 


#8 6 ; 
3.9, 
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parallel to CD, and let it moet in the point 
N the tangent drawn / through C, and let 
BM drawn parallel to HC meet AG in M,. 
and let D nieet AH in L, and join KF, 


GH then, becauſe GBF, drawn through 
the vertex af the diameter, is parallel to the 


ordinate DC, it 32. 31 touches the hyper- 
bola ; and ſince the tangents HK, GF are 
cut proportionally in Cor. 26. 3] the points 


C, B,ů N; CN is to NH as BN to NG; and 


therefore, becauſe of the parallels," LFis to 


FH as MK to KG; and fince KE, GF are 


lab. 3.J parallel, FH ; is to FA as KG to KA; 

_ therefore, ex cue, LF is to FA as Mk to 
KA: and, by compoſition, LA is to FA as 
MA to KA; therefore, becauſe of che 9 5 
rallels, DA is to BA as BA to EA. L 


Caſt 2. When tlie tangent mess a ſe- 


cond diameter of a tranſverſe diameter. 
The ſtraight line E touching the hyper- 
bola, and wreläg Both the ſecond diameter 
AB in E, and K AE (which 1 1 conjugated to 
AB) in G, and CD, CH being drawn from 
the potted of contact 05 ſo as is o be 7 7. 


AB, AE are prop6ttionzls, * 
For by the preceding caſe, AH, AF, AG 
are ram therefore the ſquare of 


Fig. 19. 


I - AH 


as to the ſquare of AB. as HG. to GA, 


Fig. 18. 
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All is to che ſquare of AF as Al is Icon 

20. 6. ] tg AG; and, by diviſion, the rect- 
angle KHF is to the ſquare of A as HG 
to GA: but ſince CH is ordinately applied 
to AF, the rectangle KHF is to the ſquare 
of. AF as the ſquare of CH ar AD to the 
quare of AB; therefore the ſquare of AD 


is, as (H or AD to AE; and therefore RD, 
AB, AE are proportionals HO ee 20. 
6. Elew. 3735 "jd 7 "4:4 ©] O17 1 40 31901 b ook... S979! 


. | "Min ” 14 * 
= z % - » a ka; 
21 N. FOO? „ II. 4 144 


Con. 1. 3 55 the caſe mewn dba 
| rangent. and ordinate meet the tranſverſe 


BA) AD, AB, AE are proportipnals, DO 


is to:DB as EO to EB, that is, the ſeg- 
ments (of the diameter) between its verti- 
ces and the ordinate are to each other as 


the ſegments of the ſame between the tan- 
I gentand the ſame vertices. The demonſtra- 


tion is ſimilar to that, given 1 in the, Fond 


part of Prop. an DOR NK bis Ft hi HA 


TE AS & # & 


paſſe HT the mit of the ee 
diameter, the tangent paſſes through the 
other extremity of the ſame diameter: 


for ſince the diſtance between the ordinate 


and 


# 
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and the centre is equal tothe half of the 
| ſecond diameter, the diſtance between the 
tangent and the centre 18 equal t to > the flame 
e ca dan To. 2 


by 205 % * 7 X OM 27] £ 13 
a 144 143 I 5 + ” 2 1 + he „ * 4 A #-# k *..* 
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DD { I} 1 S 


10 from a 4 C; in an Wen 


* ſtraight line CD be ordinately 


eh applied to the diameter AB, and 
ga ſtraight, line CE. be drawn 


from the ſame point; if the ſe - 
br midiameter be a mean propor- 
1 which are cut off towards 
a 16 f centre by theſe. ſtraight 
lines; CE touches the hyper- 
bola. 1 Tg ee 


For if CE 3 not | cotlels the nine 


let O touch it; therefore, by the prece- 
ding PT opoſition, AD, AB, AP Are propor- | 


tionals: but, by the hy potheſis, AD, AB, 
AF are proportionals which is abſurd : 
oy 3 touches the HOWS. ? 


$6 wt tat by 4 4 $4- 3 17 43 * 


. th "PROP. 


: tional between the ſegments of 


, * ** 
q 5 1 « y 
$ wt £ 19 2 
* 4 
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If a ſtraight line touching an hy- 
perbola meet a tranſverſe dia- 
meter, there being drawn from 
the point of contact a flraight 

ne ordinately applied. to he 
' fame diameter; the rectangle 
contained by E ſegments (of 


INC diameter) intercepted be- 


tween the ordinate and the 
a centre, and between the ordi- i 
nate and the tangent, is equal 


to the rectangle contained by 


the ſegments between the ordi- 
nate and the vertices of the dia- 

meter; and the rectangle con- 
- tained by the ſegments between 
the tangent and the centre, and 
between the tangent and the 
ordinate,. is equal to the rect- 
angle contained by the ſegments 


85 between the tangent and the 
5 : vertices 
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.- vertices of the diameter. But if 

the tangent» meet a ſecond dia- 

8 meter; chere being drawn from 
5 the point of contact a ſtraight 
in ly ' applied to, that 
neter; the rectangle 
an contained by the b be- 


„ 


entre, ng Perween,. the ordi- + 


nate and the tangent, is equal 
to the ſum of the ſquares of the 
femidiameter and the ſegment 
between the ordinate and the 
centre; and the rectangle con- 
tained by the ſegments between 
"the tangent and the centre, and 
between the tangent and the or- 
dinate, is equal to the ſum of 
the ſquares of the ſemidiameter 
and the ſegment between the 
1 tangent and the centre. | 


MS. 3 1 1 A | of 


Caſe 1. The Ia! ight line which touches 


. the hyperbola 3 in C, meeting the tranſverſe 
. D _ Mae 


D Fig. 19. 
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| Gamerer BAO in the peine P. and an or 


dinate meeting the ſame} diameter in D; 
the rectangle ADE is equal to the reQtangle 


BDO, and the rectangle AED to BEO. 


For ſince AD, AB, AE are proportio- 
nals, the rectangle DaE is equal to the 
ſquare of AB; and theſe equals being ta- 
ken from the ſquare of AD, the remaining 
rectangle ADE is equal to the remaining 
rectangle BDO [ 2. and 6. 2. Elem. J. Next, 
from the ſame equals, viz. the rectangle 
DAE and the ſquare of AB, take away 
the common ſquare [g. and 5. 2. Elem. 


of AE, and the remaining rectangle AED 
is equal to the remaining rectangle BEO. 


Caſe 2. The tangent and ordinate drawn 


from the point C, meeting the ſecond dia- 


meter in the points E, D; ſince the rect- 
angle EAD is equal to the ſquare of AB, 
add to each of theſe equals the ſquare of : 


Ab, and the rectangle ADE will be equal 


to [ 3. 2. Elem. the ſum of the ſquares of 


AB, Ab. Next, if to the ſame equals, to 
2067 the rectangle EAD and the ſquare of 
Az, the ſquare of AE be added; the rect- 
angle AED will be equal to che ſum of the 
ee of AB, * | 


'PROP. 


4 
— 
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F 


- PROP. XXXVI. Taxon, 


11 a a Reaight line: touch an hyperbo- 
la it biſects the angle contained 
5 by the ſtraight. lines drawn from 
the foci to the point of contact; 
and, on the contrary, if a 
ſtraight line biſect the angle con- 
tained by two ſtraight lines 
drawn from a point of an hy- 


2 perbola to the foci, it touches 


"0 hyperbola. 


e — an e its . 
verſe! axis AB, and the centre the point C, 
a ſtraight line DE touching it, and meet- 


ing the tranſverſe axis in E, and the 


ſtraight lines DF, DG being drawn from 


D the point of contact to the foci; * 


angles FDE, GDE are equal. 

From the point D draw DH perpendicu- 
lar to the axis, and from the point A, 
which is the nearer (to D) of its vertices, 
place, in the axis produced, a ſtraight line 

AK equal to DF, and KB will [1. 3.] be 


1 207 


Da: equal 


5 


8 55 : —- » | 2 | ; = | 5 7 * 
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equal to DG; and, by the fifth propoſition 
of this book, CK is to CH as CF to CA: 

but as CH to CA, ſo 133.1 3.J is, CA to CE; 
therefore, ex  equali, as CK to CA ſo is CF 
to CE; and, by converſion, as CK is to 


KA ſo is CF to FE; and by doubling the 
antecedents, - twice CK is to KA as FG to 


FE: therefore, by diviſion, BK is to KA 


as GE to FE; and BK, KA are equal to 
DG, DF; therefore as DG to DF, ſo is GE 
to EF; and therefore the ſtrai ght line DE 
biſects the angle FDG 13. 6. Elem. ]. 
If, on the contrary, a ſtraight- line DE 
biſects the angle FDG, it touches the hy- 
perbola: vor if not, let another ſtraight 
line touch the hyperbola in the point D; 
this other ſtraight line will biſect the 
angle FDG, which, by the hypotheſis, 
1s — DE; which is abſurd. 
The demonſtration here might have been 
ſimilar to the ſecond nme in 
Prop. 11. _ 2. 369-516 AC] 
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F 


PROP: NAVI. Pos. 


Two 18 lines AB, cD which Fig. 21. 


biſect each other at right angles 


in the point E, being given in 


poſition and magnitude; to de- 


. ſcribe the oppoſit ite hyperholas 


15 of which they may be the axes, 
| and Of which either of them 


AB may be the tranſverſe axis. 


Join AC, It "EW the point E plats i in 


AB produced two ſtrajght lines EF, EG, 
each of them equal to AC; then, by 
means of a ſtring and of a ruler, the 
length of which exceeds that of the firing 
- by a difference equal to AB, deſcribe with 
the foci F, G two oppoſite hyperbolas ; : 
theſe will paſs fthrough the points A, B, 
and CD will be their ſecond axis. 

For if the hyperbola paſſes not. through 
Es let it paſs, if poſſible, through H; the 


excels, E Mie of HG a ove HF is e- | 


qual to the exceſs of the length of the ru- 
ler above that of the ſtring, that is, by 
conſtrudtion, to me ſtraight line AB: but 


ſince 


' 
{ 


CE ee ie i eee en Ee ee ee ̃ ͥ EE CS 
= — 622 ** * 


Fig. 22. 
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ſince BG is equal to AF, the exceſs *fAG 


above AF 1 is equal to the ſame AB; which 
| 2, abſurd : the hyperbola, therefore, paſſes 
through A: and in like manner it may 


be ſhewn that it paſſes through B. Again, 
C, D are the extremities of the ſecond 
axis: for if C be not one of its extremi- 
ties, let the point K, on the ſame ſide of 
the centre on which C i is, be one of them; 


| therefore KA being joined will be equal 


[6. def. 3.] to EF; and, by conſtruction, 


CA is equal to the ſame EF; therefore KA 


J * LY 


is n to CA: which! is abſurd.” 


DEF. XIII. 


| If upon two frraight lines . Bb, which ; 
biſe each other at right angles, two op- 


poſite hyperbolas AG, ag be deſcribed, 


and upon the ſame ſtraight lines Scher 


two oppoſite hyperbolas BK, & be deſcri- 


bed, ſo that Bb, the tranſverſe axis of the 
latter hyperbolas, may be the ſecond axis 


of the former, and that Aa, the ſecond 
axis of the latter, may be the tranſverſe 


axis of the former; theſe ' four are named 


co agate e _ 


PROP. 


4 
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PROP. XXXVIIL 'Tnzor. 


| T he aſymptotes' of conj ugate hy- | 


- ark: are common to the 
four hyperbolas. e | 


Let chere be conjugate ' hyperbolas the 
axes of which are Aa, Bs, and let the 


Fig. 22. 


ſtraight lines CD, CE be the aſymptotes of 


two oppoſite hyperbolas, . the tranſverſe 
axis of which is Aa; the ſame ſtraight 
lines are the aſymptotes of the two oppo- 


fire hyperbolas, the rranſrerſs axis of | 


which is Bb. 
Through the vertex A draw DAE paral- 


Wy to BC, and join' DB, and produce it to 


F; therefore, by the roth definition of 


this book, BC is equal and parallel to AD 


or AE; BD is therefore equal and parallel 
to CA; and becauſe the triangles FBC, 
CAE are equal and equiangular, BF is e- 


qual to CA; therefore CD, CF are 10. def.] 
aſymptotes of the hyperbola, the tranſ- 
verſe axis of which is Bb, and the * 


axis Aa. 
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CTY 


line GH 4 . op 
EC, one of the alymptotes, and 


os 1 = by mee ting. the other in n. H, there 


Pp ²·. a, En RSS SRO & 


4 ——— 4 anf the 


5 being dr a wn from che point K 


8 the adjacent hyperbola - 
ſtiraight line KI. parallel to ei- 


tler aſyn ptote, and meeting the 
10 1ym} 
15 | hou one in L: Ya the rect- 


dale 0 i 


71. 


2 cen tte, Are cqual. „Omithe con- 
— 8 c int 'E de in one 
jon Lea acc ate by er 0 Jas, and 
1 ebbtsinedd pech alymptotes of 

the adjacent hyperbola, the rect- 


angle KLC being at the ſame 
he 1 - time 


«<4 
o 


| 


GHC; the point E 1 in che 
- adjacent pff 8 11 1 2 


10 240 i. 4 

„Jet ca, Bb 17 the: axes of conjugate by 
 perbglas; join AB, and let it meet the a- 
ſymptote (D in M, and draw AD parallel 
to Cg; chen, ſince BC, M are equal and 
Parallel, the triangles CBM, AM are ſi- 
milar and equal: and conſequently AM, 
MB are equal: the rectangles AVIC, BMC 
are therefore equal, and AB is parallel to 
the [z. cor. def. 10. 3. aſymptote EC; 


therefore the rectangles GHC, KI. C are 


equal to the rectangles AMC, BMC; a 


e they are anal Ps each - 
8 0 ATE HA 1107 


On the contraty, if G bis. Peder in one 
of the conjugate hyperbolas, and the point 


E be within the angle DCE, and the rect- 
angle KL. C equal to the rectangle GHG, 


with the ſame; canſtruction in other re- 
ſpects ſtill remaining; the point K is in the 


adjacent hyperbola: for ſince tlie rectangle 
KIL is equal to GHC, chat is, to AMC, 
chat is, . and that B is in the ad- 


„ Jacent 


. F% CF cx 
-4 3 
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time equal to the rectangle 


Fig: 223 


Fig. 23. 
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3 jacent hyperbola; the point K 3 cor. 
1803. Jin the ſame hyperbola. 13 


Cok. 1. If a firaight line DE inter- 
cepted between al hyperbola, and one of 


dhe adjacent hy perbolas, is biſeQed by one 


of the afymptotes, it is Parallel to the o- 


| ther: for lr 17 4 meet che aſymptote C 


in L, and to the other aſymptote draw 


DH; KEK 1 55 to CG; then, ſince DL, 


LE are equal, and that DH, 
parallel, HC, CK are equal; and by the 


LG, EK are 


propofitioni, he lebt gles/DHC, EKG are 
equal; DH, EK are therefore equal, and 
ther are parallel; therefore DE, Kerk are 


| | parallel. [To 9 +a LL rr Ss n ' By . L641: 


cok. 2. If DE be parallel to welch 
tote KH; DL, LE; axe. eqyal:, E ; the 


ro ICY 8 rectang DL re 
an 15 1 n 8. 10 50 2A 78 100 


cok! 3, Af, laſtiyg DE be parallel tothe 


np eee, * 
the point D be in ang of the 7 
the point E is in che ach ent Hypardola 1 


for ſince DL, LE are equal, the rectan 


5 DLC, ELC are equally" clierefore, Boks 


I BE. 


r Ei is in hg ns hyperbo- 


PROP. 
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d 
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PROP. XL. lere. 20. BY 2. e 
If, a, ſtraight. line.. touch one of 


four conjugate hyperbolas, and 
as throtigh their centre two ſtraight 


_ lines] be drawn, the one meeting 


the hyperbola in the point of 


contact, and the other parallel 


to the tangent, and meeting 
one of the adjacent hyperbolas; . 
this other ſtraight line drawn . 
parallel to, the, tangent, is the 
half of the ſecond diameter con- 


jugated to'the:tranſverſe diame- 


7# ter e the point of 


711 ii 3192. 


contact: 4 „on the contrary, it 
half of, 60 ad ar be drawn 
| conjugated to the tranſverſe dia- 


metern drawn through the point 


of contact, its r is in 


the adjacent hyperbola. ,,, 


Let there be conjugate Wel the Fig 23. 


aſymproes of which are CG, CF, and let 
E 22 MF 
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Mp touch one of the hyperbolas in D; | 
Join OD, and draw CE parallel to M, and 


meeting in the point E the hyperbola adja- 
cent ta that in which D is; CE is the half 


of a ſecond diameter conjugateti to CD. 


Through che points. B, E drew che 


ſtraight lines DH, EK parallel to the a- 


fymptote CG, and meeting the other a- 
ſymptote in H, K: then, fince the ſtraight 


line MF touches the hyperbola in D, MD, 


DF. are equal; therefore CH, HF are e- 
qual; therefore the rectangle DHF is equal 


to the rectangle DH, that is, by the pre- 
4 ceding propoſition, to. the rectangle EK C: 
and ſince the triangles ERC, DHF are e- 


quiangular, EK is to DH as KC to HF; 
therefore the ſquare bfEK is to the fyivare 
of DH, as the-reRtangle/EKC to the rect- 


angle DEF; but the rectangles EK C, DIP, 


as has been proved, lare equal; therefore 


the ſquares of EK, PTT are equal; and 


therefore EK, DH are likewiſe equal; eon- 


ſequently E, Dx are ad k. Elem.] equal, 


and they are parallel; therefare GE is half 


3 ry: I. def. 3. } che ſecond e diameter conjuga- 
ted to (DOD. 


I, on dhe conrary, CE (che me on- 


arenen e be half the ſecond 


diameter 
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E | is in the hyperbola q adjacent to that 
vhere the point D is: for GE ãs equal and 


[12. def. 3.] parallel to DF, and EK is pa- 
uently the triangles 


rallel to DH; co 
EK C, DHF are [26. 1. Elem.] equal; KC, 

conſequently, is equal to HE or HC, and 
E to DH: and tor this reaſon, the rect- 


angle EKC is equal to the rectangle DHC, 


and the point D 18 in the hyperbola, and 
the point E is within the angle adjacent to 
that within which this hyperbola is deſeri- 
bed]; the point E, therefore, is in the ad- 


Mens 4 N e nero 2. of Fes _ 


4 5 ing 


Cox. 5 If CD be half a mann dia- 


meter, and CE half the ſecond. diameter 


conjugated to D in che hyperbola AD; CE 
is a tranſverſe and O a ſecond diameter 


Fig. 23» 


conjuigazed te CE in rere ge eder 


la BE. 03 Stool oth Fer 

DE. ey Mk being joined, Mt ME meet 
tal other afymptote CF in P; then, ſince 
DE is [ 2. cor. def. 11. 3.1] parallel to CE, and 
that MF is biſected in D, MP is biſected 
in E, and the point E is in the adjacent 
by perbola ; therefore MP touches that hy- 
92 perbola: 
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 perbola: and OD is equal and parallel to 
ME; for CE, Mp are equal and parallel; 
e CD is the ſecond diameter conju- 

1 to the tranſverſe diameter CE i in : the 6 


711. def.] hyperbola B. 
Cok. 2. The ſame able Rill __ 


| maining, the ſtraight line which joins the 
| Centre C, and the point of 'concourſe M 

| of the tangents: DM, EM; drawn through 
| the vertices of the conjugate diameters, is 

| an aſymptote: for if CM be not an 3 TY 
| _ . tote, let CQ, meeting DM in G. be 
1 one; CE, therefore, is equal to DQ: but 

| —_ _ the fame CE is equal to DM; becauſe 

=p D MEC! is a [11, def.] parallelogram; D 

E and DM are therefore N 5 which i is ab- 


furd. | % n 
A - 


PROP, I., Turok. 
1 If from the extremity of a ſecond 
| [= diameter of an hyperbola a 
| ſtraight line be drawn parallel 
to any tranſverſe diameter, and 
meeting the ſecond diameter 


conjugated to this tranſverſe; g 
the 


w 
* 


a) 


Nw 


pou oth. 3s 


Sas . bh: 40 1 15 LE , | 
9 4 us 8 ? ts 250 : HE ; * | 
LS. 45 123 1 #3 1 ' 


ts" of Fa . ** #. 


* 


n . 344 PEERS 
| 74 
1 a. 151 
1 1 0513 9) % 
I) 9d to Hor Mort. 
7 * N 
01 by T2 3F1G3 132 


J Vie . Sol "= 1 45 Shs. 25 f / 


| 7 

Le 75 7 £2 is thy 8 my 

— — 4 111 *. Fo | 2 . f 
ls? 


at 


1 
r 


* N 


| 11! 1g 3 Rm 14¹ 5 55 


170 Yin 03. "both 1. 
An 777 br 4370 | 


Ficguſno05 199ml «| | 
| 5 4 
boni baoalt to 3c . 


ei His 5 to 9 _ „ | 
40 2o1upt off Io 

t bas 199 usb Dbox 

(55 N 51A -} to). 

199. v4 now 2d "Yo v 


es eng 
eb bnogsl 1446. © S 3 


* £55 M5, be res 


—— 2 fa l be 
— wr eee tri, — 


—ͤ—2—Uä— 2 —— ER 


cond diameter conjugated to it: 
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the ſquare of b par: 11, 1 18 to 

the rectangle contained by the 
ſegments (of the diameter which | 
the parallel meets) intercepted 
between the parallel and the 
vertices of the diameter met, as 
the quare of the tranſverſe dia- 
meter is to the ſquare of the ſe-· 


And if from the extremity of a a 
ſecond diameter a ſtraight line be 
drawn parallel to any other ſe- 
"Ml cond diameter, and meeting the 
185 tranſyerſe diameter conjugated 


128 
to this. other ſecond diameter; 


the ſquare of the parallel is to 


the ſum of the ſquares of half 
the t tranſverſe diameter and the 
ſe egment (of the tranſverſe) i in- 
tercepted between the centre 
and the parallel, as the ſquare | 
of that other ſecond diameter 
| LES 15 


Fig. 24. 


5 meter Da; there 


s to the ſquare of the - rag 
ee ame to it, - 


142 lt. 1 34 19 * 


3 the firſt caſe, let ther | 1 an =. 
— 4 the tranſyerſe diameter of which is 
Deg, and let KC be the Tecdnd diameter 


conjugated to DC, and let CB be any o- 


ther ſecond diameter; and from its extre- 


mity B draw a ſtraight line parallel to the 
tranſy verſe diameter OD, and m 7905 e in 4 
d to C 


the ſecond diameter con jugate 


Rude of BY is to the rectangle KLk e 
ſquare of D to the ſquare uf Kl. 
the points B, K, , which Far 


e r vertices. of the ſecond dia- 
meters, are che adjacent hy perbolas; 'L 


the e Rea, of hich K is con- 
jugated to the ſecond Kr. bor. 40. 3.] dia- 
fore the Juare of BL is 


1c \KLk as af : 


to. the ſquare of Ki [28. 3; 1880 


As to the ſecond caſe, it is demonſt tra- 


ted in the very ſame manner r from the 


= ya propotion'o this book.” 


* 3 8 
* i 5 + + f 4 1 


Cox. N . poine A * . 
bola AD a ſtraight line AM be drawn or- 


dinately applied to the right diameter K4, 


and 


3. & 
A 


From the 29th of this book. 
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and from, B, an extremity of any ſecond 


diameter Cg 2. the ſame Kl, a ſtraight 
line BL be drawn parallel to AM; the 
ſquare of BL, is to the ſquare of AM, as the 
rectangle KIþ j is to the ſum of the ſquares 
of the ſemidiameter KC and the ſegment 


CM between the centre and the ordinate. 


This i is evident from the propoſition,” and 


TTFIC3 


But if from : wy point A of i Kyperbo- 


A 4 8 OX 


pete Lare to the ard diameter 


Dad, and from the extremity Bc "of the ſe- 
cond diameter to thy Kae D a ſtraight 


| line Bf be drawn parallel td AE; 2 


au of BE 4 to;the 1 Juare of AF; as the 


: ok of, MET ares 85 ſemidlameter 


5 } 193 2 8 


OD, and d the ent. \ " orhfodry © he 
1 0 ide ech gle DEJ. 
- rentre ; and, BF » 45 co the rectan e 


This is demgoſtrated. from the 5 wal 
tion, a ho 15 1 okt reh bock oa 


3TH 4p "24 


8505 . „rab et Ji. es baoog} "2147 £3] XL 
2:1] Tt 1911118111 nk Aa- 511 


Fg i 
400 d n & 101 . 06 9 RO F. 


8 * | 
XA v4% vii to 45 Ken Mr 3 a — 
418 . ba has 2444999 2118 14104 zi 5 1% Y 


* 
N viart 30 
* 4 S 
$% 2 $47 14 2119 3} 4 hy 
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C7 


PROP. XIII. Tagen. 


1 IT 8 


Fig. 24 1f f from. the extremity. B of a * 


cond diameter CB a ſtraight. line 
BF be drawn parallel to ſtraight 
lines ordinately applied to any 
©: Gi Da, and BH be drawn 

parallel to the diameter GA, 
which is conjugated to CB, and 
meeting the diameter Dd in H; 
the ſemidiameter CD is a mean 
e between CF ved 


E „ A 1 * 1 * 


For che extremity B of the ond diame- 


ter is in the adjacent hyperbola, and CA 
is a ſ 1. cor. 40. 3.] ſecond diameter of that 


adjacent hyperbola; therefore BH touches 


the ſame [11, def.]; and therefore CF, .- 


Ci are [33. 3.] Proportionals. 


! Cor, The 35th propoſition 1s equally 
true when accommodated to this caſe. 


PROP. 
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- 4 7 8 8 
. 1 2 £ * . 
„ Hott % . f * ; . / 
; * - 45 1 ; " ; 
i 


PROP: XIII. run. 


# 


1 10 Gow the extremities of two con- 


2 


2 . diameters of an hyperbo- 
la ſtraight lines be drawn ordi- 
2 applied to any third tranſ- 
ace diameter; the ſcquare of 
the ſegment (of the third dia- 
4 e intercepted between the... 
: centre and the ordinate drawn 

from the extremity of the tranſ- 

verſe diameter, is equal to the 

me of the ſegment of the 
8 ſame third. diameter between 
the centre and the ordinate 
3 drawn from the extremity of the 
other of the conjugate diame- 
ters, together with the iquare 
of half the third diameter; and 
at the ſquare of the ſegment (of 
ba the third diameter). intercepted 

between the centre and the or- 

dinate drawn from the extremi- 


Fig. 24. 


=p . hte between the 
drann from the extremity c of the 


which'CA Wehe hal ff A 
met and let CB be the ſeco ond e diameter 
| canjogare ta ca, and let Dd 'be any. other 
| tran ik. K and fre ) 


| mities A 


| wag that is, as CG ta C 


ty of the ſecond diner, is e- 
qual to the 'reQanigle contained 
by the ſegments (ol the. 2 ird 


1 
\* . 1 . * 


Hate, the conjugate drame- 5 
ters and the vertices of the fine 
Third diameter. 2 ; | ö . 5 3 25 2 


1565 16 1 
5 4 ops lie e on 9 05 7 * le 
To 5 Ga- 


n the extre· 
| 1 ap- 
1155 a eff I, Maat ap- 
PRE 1 1 45 the te 3 5 . 455 al * 
the 1 quare of FC Ce 7 80 with, tl Aquare 
4 £1013 ; Pt Fake FC is 0 9 by 


. Mo O Ea, ad +1 ons 
N the lee Dy. ara =] 4 AG parallel 


to BC 22 and BH parallel, 1 
becauſe of the parallels, the triangles GAG, 


HBC are 4 and, finge AF, BF 
are e parallel, CA BF are alſo. equiangu- ; 


Jar; 5 conſequently, % to HF as CA 
and ſince 


A 
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CD is a mean proportional both between 
| CE and CG, and between CH and CH 
33. and 42. 3. J, CF is to CE as CG to CH; 
and therefore 'CF 1 al CE as CE to HF; 
conſtquently the ſquare of E is equal to 
IND CFH : but the rectangle CFH 
is equal to the ſum of the ſquanes of CF, 
GD; con ſequently the 1quare gf CE is e- 
qual to the ſum of the ſame ſquares of CF, 
OD: take the ſquare of OD from each of 
theſe equals, and there will -remain' the 


. DEA : qual: th the ſquare of Or. 


Woe Hence the, ſemidjametey, 05. to 
which the ordinates are drawn, f is to the 
conjugate ſemidiameter CK, as the diftance 8 
between the one ordinate and the centre is 
to the remaining ordinate: for the f quare 
of CD is to the qua uare of CK as 05 rect- 
angle DEd is to the iq vare of EA, that 1 is, 
according to the Pepp as 'the 1 quare 
of CF is to the Bach of EA; and Hire 
fore CD is to CR ab CE to LA. Again, be- 
cauſe the ſquare of cb. 15 co the ſquare of 
K as the fum of the ſquares of CF, CD t to 
the ſquare of BF, that is, by. the propoſi- 
tion, as the ſquare of CE to the ſquare of 
BF; eh i to CK as CE to BF. 


hes = 


* . N 4 10 inv .QTIq v 3 2 


| Figa 24. 


Bf, BL ordinates 


to the exceſs,” 57 
ſquares of CE, E A 
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"qual toahrexcels of has — 
of the halves of the axes, if the 


oy 'confugate' Uiameters be tinequs at: 


i — 9 


and if any, one diameter b ge- 


I N 110 13 


x qual. to its conjugate, any other 5 
diameter 18 alſo equal to its con- 
gate; and in this caſe, the 


© angle contained by che ap. 


otes is a ad angle. ace, 


int N 


Lee ch be e con) jugate 2255 # em 
and CD; CK the h. ves © k Xe 3, and from 
A, F draw the ſtrai ghr Un nes AE, AM and 

1 0 the res; "therefore the 
exceſs Uf the £ Fro CA, cb i is equal 
ich dhe dur of ofthe 
iffers from the fam of 
the ſquares of CL, LB: but, by, the pre- 
ceding, the 1q re of CE is equal to the 


ſum of the ſquares of CF, CD; and by the 
fame Propel, the ken of 01. is equal 


of WY A to, ; 
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to the ſum of che ſquares of CM,. CK; 
therefore the exceſs of the Mares 
CB is equal to the exceſs by which the fur 
of the ſquares 6f CF, CD, EA differs from 
the fum of the ſquares of C CK. LB; | 
and the ſquares of CF, LB aré AHD 
alſo the ſquares of EA, CM: therefore, 
_theſe equals be taken away, the mn "ty | 
which the ſum of the ſquares of CF, CD, 
EA differs from the ſum of the lc quares af | 
M, CK, LB, is equal to the exbth by 
which the ſiquare of CD differs from the 
ſquare of CKizzrand therefore the exceſs of 
the ſquares of CA, CB 1 3. elke eker 
exceſs} +; 's jag e aha. 
/ Otherwiſe : Le Ap; A0 TY, the halves 
of any two Fg on diameters in an, hy- 
perbola, 'AD, A 4 the aſymptotes; and 
draw the ' tr; 5 ght lines Bb, CE. touching 
it in the points, 0. an a 7 mee ting the an 
fymptotes in D, K rh by the 11th. 
def. and prop“ 3 0. of thi 2 book, BD is e- 
qual to half the e diameter conjuga- 
ted to AB; ; and CE, in like manner, is e- 
qual to half the ſecond diameter conjugate | 
to AC: it is to be, proyed, that the exceſs 
of the ſquares of AB, D is 9 Wai #9 the 
excels of the ſquares of AC, CE.- 
* Through 


Parallel 


to the aſy mptotes,. and BG, CK : 
perpendicular to them: therefore the rect- 
angles AFB, AHC are equal 1. cor. 16. .] 
and, of conſequence, AF is to AH as HC 
tO FB, that is; fince the triangles are e- 
quiangular, as HK to FG; conſequently 
the rectangles AFG, AHK are equal, and 
their quadruples are equal: and ſince, 
through the point of contact B, a ſtraight 
line BF is drawn parallel to the afymptote 
AE; DF, FA are equal; conſequently DG 
is equal to Ak, together with FG: and 
hence four [B. 2. Elem. ] times the rectangle 
AFG is equal to the exceſs of the ſquares 
of DG, GA, that is, fince che triangles 
DGB, AGB are rightvangled;; tothe exceſs 
of the ſquares: of: DB BA. I may in the 
ſame manner be ſhewn, that four times 
the rectangle AHK is equal to the exceſs of 
the ſquares of EC, CA; ani four times 
the rectangle AFG, us. hath been proved, 
is equal to four times the rectangle AK; 
Conſequently the enceſa of the ſquares f 
DB, BA is er e 5 
of EC, CA. 


But if in an- e any ulverßr 
— AB is * to the ſecond diame- 
; SW | ter 


- 
* 14 ＋ * 
4 © „ 


1 
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ter BD conjugated td it any other tranſ- 


verſe diameter in che. ſame hyperbola is al- 


ſo equal to its conjugate ſecond diameter, 
and the angle contained by the aſymptotes 
is a right angle; for ſince DB, BA, and 
DF, FA are equal, and BF common, in 
the triangles DBE, ABF; the angle BED, | 
and of conſequence the, angle E/ AL 


| right angle; and ſince EH is A right 
4 w__ theangle CHE is, allo a right — 5 3 


SEG» Od are eds. 


is noe #41 2 771 * 575 1 4 18 un + ; 


ler PRO P. XLV. TRS. 


15 1 1 through” the, bene of, two 


-, conjug3s:diameters fauy,: ſtxpight 


line bb Þ tauching' conju- 


perholas, the parallelo- 
formed "by, thers'"is equal 


4A med hy the + ahgents 
chrough the: vertices of 


- 
5 


i eur other t οiĩugate diame- 
1 te 87 it en OY lane AH] r 
Fas . 3 * 121 "4 2 


2 34 CO NIC SFCTI ONS; ben 


through their vertices draw tangents, meet« 
ing each other in K, L, M, N; and let EF, 
GH be any other conjugate diameters, and 
through the vertices of theſe draw tangents, 
meeting each other in O, P, Q, R; the 

figures KLMN, gon? are paraliclograms 
and equal. e | 
Let S be the centre of the yporbabs: 5 
and ſince both KN, LM, and KL, MN are 
U. 3. cor. 23. 3. ] parallel, the figure KLMN 
is a parallelogram. For a like reafbn, 
OPQR is a parallelogram: and ſince AK; 
CK rouch the hyperbolas in the vertices 
of conjugate diameters, the point K where 
they meet is in an aſymptote; and the reſt 
of the angles, as may be proved in like 
manner, of the parallelograms, have their 
vertices in the aſymptotes: therefore [the 
aſymptotes are the diagonals: of the paral- 
lelograms; 8 conſequently | the parallelo- 
gram KLMN is the quadruple of the tri- 
angle K SN, and the parallelogram OP R 
the quadruple of the triangle OSR: but 
che triangles KSN, OSR are equal, becauſe 
the rectangles K SN, OSR are equal [2 5th of 
this book, and 15. 6. Elem.]; therefore the 
* KN, 8 are alſo e- 
5 qual. 
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qual. This propoſition might alſo have 
ben demonſtrated 125 . 20. B. 2. 


N * 


i 3 


nor. xIVI. reren. 10 
I two conjugate diameters of an 


r 
1 
0 # 


5 hyperbola meet a ſtraight line 


i touching the hyperbola, 'the 


g rectangle contained by the ſeg- 


ments (of the tangent) inter- 


dcepted between the point of 


5 contact and the conjugate dia- 
meters, is equal to the ſquare of 
the ſemidiameter conjugated to 
that diameter which paſſes 
through 1 the; point of contact. 


Let ACB, Der be two * dia- 
meters, and let a ſtraight line which touch- 
es the hyperbola in F meet them in the 


points G, H, and let CK be the ſemidia- 


meter conjugated. to CF; the, rectangle 


GFH 3 is equal to.the ſquare . 
From the points F, K draw to AB the 

raight lines FM, KL parallel to DE: then, 

becauſe of the parallels, G M is to MC as 


bn GF 


Fig. 27] 
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CF to FH; conſequently the rectangles 


GMC, GFH are ſimilar: and becauſe the 


triangles GMF, CLK are equiangular, 
GM is to GF as CL to CK; therefore the 
rectangles GMC, GFH, and the {ſquares 
. "CK, which are ſoar” fimilar recti- 


lineal figures, are proportionals, being ſi- 


milarly deſcribed upon the four propor- 


tional ſtraight lines GM, GF, CL, CK: but 
the rectangle GMC is equal to [35. 3.] the 
rectangle AMB, that is, to the (43. 3} 
ſquare of CL; therefore the rectangle S II ” 
eee ; e 


P R 0 O P. XLVIE TnEoR. 
If from a point of an hyperbola 4 


ſtraight line be drawn ordinate- 
ly applied to a tranſyerſe diame- 


1 ter, the rectangle contained by 


the ſegments (of the diameter) 
intercepted between its vertices 
and the ordinate, is to the 


_ ſquare of the ſegment. (of the 


a ordinate) intercepted between 


the ene and the diameter, 


"If „ as 
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as the diameter i is to its Jatus 


rectum; and if a ſtraight line be 
drawn ordinately applied to the 


ſecond diameter of the tranſ- 


_ verſe, the ſum of the ſquares of 
half the ſecond diameter, and 

of its ſegment between the or 

dinate and the centre, is to the 

ſſquare of the ordinate, as the ſe- 
cond diameter is to its Jatus 
rectum. e 


There W a aranfverls: 8 AB, 
DE the ſecond diameter conjugated to it, 


AH the /atus rectum of AB, and FG drawn 


from the point F in the hyperbola, fo as 


to be ordinately applied to AB; the rect- 
angle AGB is to the ſquare of FG as AB 
to AH: and FK being drawn ordinately 


applied to DE ; the ſum of the ſquares of 


CD, CK is to the ſquare of FK as DE to 
its latus rectum L. 


Caſe 1. Since AB, DE, AH : are propor- 
Goel AB is to AH as the ſquare of AB 


Fig. 28, 


to the ſquare of DE, that is, as the rect- 


angle AGB to the ſquare of SEA 
Caſe 


| | | portionals, DE i is to 1 1 as the dare oF DE | 


15 to the ſquare of AB, that! is, as the ſum 
n of OD, CK is gd the —_ 


S117. 20 Jens l 


10 
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Fig. 28. Ir froin a point F in an hyperbola 
a a ftraight line FG be ordinately 
2 — applica to a tranſverſe diameter 
Az, and from the vertex? of 
that diameter a ſtraight-line AH 
be drawn perpendicular to AB, 
f and es qual to its /atus rectun J 
the Ai of the ordinate is — 
qual to the rectangle applied to 
the /atus rectum; which rect- 
angle has for its breadth the 
abſciſſa between the ordinate 
| and the vertex, and exceeds by 
a figure ſimilar, and ſimilarly. ſi-⸗ 
tuated, to that which is con- 
tained by the diameter and the 


Latus rectum. 


F 1 * 5 | i 
8 3 3 3 
* * a ; - 5 * * * * , * BH 
* 
1 


*y ” E 
. F of 
, WW *a4+ s 
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BH being joined, GM drawn from the 
point G parallel to AH, and meeting BH 
in M, and MN draven through the. point M 
parallel to AB, and meeting AH in N; 


che rectangleb MNHO, BAHP ars comple- | 


tete 07 ; noveg aid 1 ien 


GB to GM, that is, as the re angle AGB 
to che Setangle AGM; A815 to the 
ſquare of GF as the ſame AGB tothe rect- 
angle AGM; therefore the ſquare of GF 


is equal to the rectangle AM; which 


. haying the abſciſſa AG for its breadth, is 


applied to the /atus rectum AH, and en 
ceeds the rectangle HAGO by the rectangle 
MNHO ſimilar to BAHP. From that 
ſquare's being equal to the. exceeding 


rectangle, Apollonius named the curve 
line which is the e of this Wird 
— _ eee 


Con: 111 is Saen ey the 3 * 


'GF would be equal to the rectangle AGM, 
| nn AH were not at Highs angles to AB, : 


— 


A 


Then Gong the rectangle | 'AGB is to the 
ſquare of FG, as. AB to 72705 that is, as 


<< 


75 


3 
21 
EG & > 
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Fig 29. A ſtraight line AB being given in | 
poſition and magnitude, and a 
point F being given; to deſcribe 

an hyperbola, of which' AB may 

| g be the tranſverſe axis, and 

eee e paſs through. the 
point EF; but the given point 
muſt be fo; ſituated, that a Per- 

— r drawn from it to- 

Pards AB oy fall 227 AB 


produced. 


— 3 12117 


e 


* 
— 


a Draw FG at right 00 to AB, and 
find a ſtraight line DE ſuch, that the 
ſquare | of AB may be to that of DE as the 
rectangle AGB to the ſquare of : let 
AB, DE biſect each other at right angles; 
then, with AB, DE as axes, and making 
the former — tranſverſe axis, deſcribe an 
(37. 3. J hyperbola AF; this hyperbola n 
oy [ 2. cor. WR 3 32 chroughthe point F. 


5 . PROP. 


A ſtraight line 
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DE being given in Fi. 2. 


poſition and mag nitude, and a 
- point F being given; to- deſcribe . 


JC la, of which DE may 


an hyper 


we a the ſecond; axis, we ich 


may paſs through, i 


un Biſect DE i in ©, and 8 FH} Perpen⸗ 
e to DE, and find a ſtraight line 
AB ſuch, that the ſquare: of - DE may be 
to that of AB as the ſum of the {ſquares 


Ag ͤ biſect each other at right angles; 


then with the axes AB, DE, and making 


che former the tranſverſe axis, deſeribe 


137. 3.] an hyperbola; this wks will 
paſs through gg hong * FM: _ 3 s 


Fe 


5 5 IP * 
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achR OS; 1 5 1 
of all tranſverſe diameters in an 
2B +1 © hyperbola the tranſverſe axis is 
| the leaſt; and the angle con- 
tained by any other tranſverſe 
diameter, and a tangent drawn 
through its vertex, is leſs than 

a right angle. | 


Fig: 29. Let there be an pech CA this half | 

E of its tranſverſe axis, and CF the half of a= 
ny other diameter; from F, the vertex of 
CF, draw FG perpendicular to the axis 
CA; therefore CF is greater than CG; 
and conſequently much greater than CA: 
Draw a ſtraight line touching the hyper- 
 bola; in the point F, and meeting the axis 
CAi in K; and fince the angle CFG 1 is an 
Leute, CFK mult be ſtill more acute. 


PROP. 
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PROP. III. Fron. 


of an hyperbola AF given in po- 
Aon. to find a diameter, the 
centre, the axes, the aſymp- 
totes, and the foci. 


| Draw two parallel ſtraight ay ant Jed 
them be terminated both ways by the hy- 
perbola; and the ſtraight line which bi- 
ſets them is a [3. cor. 31, 3.] diameter; 
and any other diameter may be found in 


the ſame manner; and the point where 


two diameters thus found meet each o- 


ther is the 4. def. 3.] centre. But if two 


oppoſite hyperbolas be given in poſition, 


the point which biſects the diaragter firſt . 


found is the centre. 
Take in the hyperbola any point F, ms 
from the centre C draw CF, and from the 


centre C, with the diſtance CF, deſeribe 


Fig 29. 


a circle; if this cirele meet the hyperbola 


no where but in the point E, CF is the 


| leaſt of the tranſverſe diameters,” and is, 


conſequently, the tranſverſe axis: but if 
the circle meet the hyperbola again in an- 


cher point L, join FL, and let it be bi- 
H h 2 er 
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ſected in the point G; join alſo CG, and 
let it meet the hyperbola in A; CA is half 
the tranſverſe axis: For ſince F G, GL.are 
equal, FL is ordinately applied to the dia- 
meter CG; and conſequently a ſtraight line 
which is den through the vertex A pa- 
rallel to FL touches the hyperbola [ 32. 3.]; 
and the angle contained by this tangent, 
and the diameter CA, is a right angle, for 
the angle FGA is a right angle; ; therefore, 
by the preceding nn CA is the 
tranſverſe axis. 
Next, in order to find the 3 axis, 
draw through the centre C a ſtraight line 
at right angles to CA, and in that ſtraight 
line take CD, and let the ſquare! of CA 
have the ſame ratio to that of CD which 
the rectangle BGA has (CB being made 
equal to CA) to the ſquare of GF; CD 
will be the ſecond axis, as is evident from 
prop? 7. of this bon. . 
Laſtly, having bound the axes, find the = 
alymprotes from def. 10 | 
But if two oppoſite hyperbolas be given 
in poſition, the afymptotes may be found 
more eaſily in this manner. Draw through 
the centre C any tranſverſe diameter AB; 
draw likewiſe a — line parallel to AB, 
| | and 
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and terminated in the hyperbolas in the 
points O, P; and to the ſtraight line OP 
apply, on both ſides, a rectangle equal to 
the ſquare of CA, and deficient by a 
ſquare; which is poſſible, ſince CA is leſs 
than the half of OP [A. cor. 15. 3z.]; and 
let Q, R be the points of application; 
CQ, CR, when joined, will be the a- 
fymptotes 3 cor. 15. 3.]. The foci are 
found in the manner delete in che 
4 n eee 1 oh | 
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The aſymptotes of an hyperbola. 

being given in poſition, and a 

point in it being given; to find 

_ the axes of the hyperbola, and - 1 
to deſcribe it. 


| 

4 

0 
1 
1 
is 
| 
i 
To 


1 


Let AC, BC be the 8 given in Tig, 30. 
poſition, and D be the given point. Sup- 
poſe the problem ſolved, to wit, let FCE, 
GCH be the axes, the former of, which, 
as it is within the angle ACB, in which 
the point D is, muſt be the tranſverſe 
axis; Draw through E a ſtraight line pa- 
rallel 
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rallel to GH, and let this parallel meet 

the aſymptotes in the points K, L; conſe- 
quently, KL is equal [ 10. def. 3.] to GH, 
and is biſected in E: and fimce in the tri- 
angles KEC, LEC, KE, EL are equal, and 
the angles at 4 right angles; the angles 
ECK, ECL are equal: but the angle KCL 
is given; conſequently its half K (E is gi- 
ven: and KC, and the point C, are given 


© in 5 poſition; conſequently CE 18 given : 


29. dat.| in poſition: through the given 
point D let DMN be drawn parallel to CE, 
and let it meet the aſymptotes, in M, N; 
DN is therefore given in [28. dat. | — 
tion, and the points M, N [25. dat. ]; 
therefore DM, DN are given in magnitude 
20. dat.]; the rectangle MDN is conſe- 
quently given in magnitude: but the 
ſquare of CE is equal to this rectangle 
[1. cor. 15. 3. J; the ſquare of CE is, there- 
fore, given in magnitude; and conſe- 
quently CE is given [55. dat.] in magni- 
tude ; but, as hath been proved, it is alſo 
given in poſition; the point E, therefore, 
and the ſtraight line KEL, are [27. 29. 
dat.] given in poſition; and conſequentlß 
KEIL. is given in magnitude, becauſe CA, 
CB are — in poſition: and GH is pa- 
| rallet 
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| rallel and equal to KL; conſequently GH 


is given in magnitude; but it is alſo given 


in Poſition, becauſe C is given, which bi- 
ſets it; the axes, therefore, EF, GH are 
given in poſition and magnitude; there- 


fore the hyperbola may be deſcribed af 


Et prope 37. of this book. 


- The: compoſition is as follows. Let the | 
* ACB.' be biſected by the ſtraight line 


CE; and having drawn DMN parallel to 
CE, make the ſquares of CE, CF each of 
them equal to the rectangle MDN ; and 
through E draw KEL perpendicular to 
CE, and meeting the; ſtraight lines AC, 


CB in the points K, L; and through 8 
let GOH be drawn equal and parallel 60 


KEL, ſo that at the ſame time it may be 


bpiſected in C: then, with the axes EF, GH, 


and making the former of them the tranſ- 
verſe axis, deſcribe an hyperbola; AC, 
BC will be its aſymptotes, and it will paſs 


through the paint D: for ſince, by con- 


ſtruction, KEL is equal and parallel to the 
ſecond axis GH, and is biſected in E; CK, 
CL are [def. 10. 3.] the aFrmphotas, and 
the rectangle MDN is equal to the ſquare 
of CE; the point D, therefore, is in the 
u N 
And 


n 


Fig. 31. Two, hn og pi Ach, 0. 
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| And the aſymptotes AC;.. BC being gl- 
| ven, and a point D of an hyperbola, as as 
— — —— 
oppoſite hyperbola, as may be thought ne- 
through D any number of ſtraight lines 
ADB, Dab, meeting the aſymptotes in A, 
B, and a, &; and taking BO, bo equal to 
AD, aD, in ſuch a manner, that the two 
points D, O, and the two D, o, may be ei- 
ther both within or both without che 
points A, B, and a, b; for the points O, 
will be willy 7 in the b e an "i 


4 ? . 12 


which biſect each other in C, 
Hei ing given 1 in poſition and mag- 
nitude; to deſcfibe two oppo- 


As 


| ſite, hyperbolas; which may have 
AB for a tranſyerſe diameter, 
and DE for the —_ nnn 
: deere, to AB. 


M 


* * a is regnen Fw _ * 


cr, CG be the aſymptotes; through A, 
b. FC ͤͤ ĩ the 


the vertex of the tranſverſe diameter, draw 


a ſtraight line parallel to DE, and let it 


meet the aſymptotes in F, G; FG, there- 
fore, is [I 1. def, 3. equal to DE, and is 
biſectedi in A: but DE is given in magni- 
tude; therefore FG is given in magnitude; 


and of conſequence its half AF is alſo gi- 


ven in magnitude: but AF is given 28. | : 


Har. ] in. poſition, ſince it is drawn through 
a given point A parallel to DE given in po- 
Hition; conſequently the point F is [29, 
dat.) given: In like manner the point G 
is given; and the point C is given; there 


fore the aſymptotes CF, CG are given in 


poſition, and the point A is given in the hy- 
perbola; which may, therefore, be deſeri- 


bed by the preceding propoſition. 


The compoſition is as follows, Through 


4 the vertex A of the tranſverſe diameter 


draw a ſtraight line FAG equal and paral- 


Hel to the ſecond diameter DE, and in ſuch 
a manner that it may be biſected in A; 


join CF, CG, and, by the preceding pro- 
polition, deſcribe an hyperbola, which 


may have for its aſymptotes the ſtraight 
lines CF, CG, and which may paſs through 


8 the point A: and, in the ſame manner, by 


2 the * B, deſeribe the oppo- 


11 „ 
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ſite hyperbola; AB will be a trunfverſt | 
diameter in theſe hyperbolas, and DE the 
| one diameter conjugated to it. 


For ſince CF, CG are the aſymptotes of 
8 hyperbolas; and that through the point 


A, in the one of the 8 there is 


drawn a ſtraight line FAG, which is bi- 
ſected in A; FG touches [ 23. 3. ] the hy- 
perbola in A: and DE is equal and paral- 


lel to FG, and is biſected in the centre C; 
therefore PE is the ſecond diameter conju- 


gated 1 1. def. and 30. 3. ] to the . 


diameter AB, 5 


? B 37 88 1 
ng PROP. IV. e get 


The poſition and magnitude of a 
diameter of an hyperbola being 4 
given, and the —— being gi- 
ven of a Þ or hes me Which is 
| ordinately | appli * to that dia- 

meter from a given point. of the 


Lok hyperbola ; to deſcribe the gy 


petbola. ' | 


1 1 # i 4 i 
K 8 * JJ». 455 10 


v1, When hs given diameter is 2 


- Wome diameter of the hyperbola. 
hi ok Let 
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Let AB be the given tranfy 
ter, to which a ſtraight line HK, given in 
poſition, is ordinately applied from a gi- 
ven point H of the hyperbola; ; and let AB 
be biſected in C, and through CG draw a 
ſtraight line parallel to HK; and in that 
ſtraight line take CD and CE equal to each 
other, ſo that the rectangle AKB may be 
to the ſquare of HK as the ſquare of AC 
to the ſquare of CD or CE; and, by the 
preceding propoſition, deſcribe two oppo- 
ſite hyperbolas, of which AB may be a 
tranſverſe diameter, and DE the ſecond 
diameter conjugated to AB; one of theſe 
hyperbolas will paſs through the point H 
K* cor. 28. of this book.]. ; 
Caſe 2. When _ given diameter is a ſe- | 
i cond. diameter. 4, | 
: Let DE be che given \bogd, 3 
to 0 ch Fil, given in poſition, and drawn 
from H, a given point in the hyperbola, is 
ardinately applied; and let PE be biſected 
in C, and through, C draw a ſtraight line 
parallel to HI; and in that ſtraight line 
take CA and CB equal to each other, fo 
that the ſum of the ſquares of LC, DC may 
be to the ſquare of HL as the ſquare of 
D to the e of AC or CB; and, by 
Ii 2 1 


diame- Fig. 31. 
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the preceding propoſition, + deſcribe FM | 

oppoſite hyperbalas, having AB for a 
tranſverſe diameter, and CD for the ſecond 
diameter conjugate to AB: of theſe hyper- 
bolas,” the one which lies on the fame fide 
of DE with the point H, will paſs rough 


- by 5 in [2. For. 1 31 


wit wat PROP, LI. {ch 1 6 
IT 4 cane cut by a plane through 
the axis, be cut likewiſe by a 
| ſecond plane, cutting its baſe 
in the direction af a ſtraight 
line perpendicular to the baſe 
| of the triangle through the n 
5 axis; and the gommon ſection 
bof the triangle through the axis, 
-. andthe fecantd plane, meet, 
Wirhaut the vertex of the cone, 
a a ſide of the triangle through 
the axis; the line which is the 
common ſection of the — 


P 
plane, and the conical 


& 
Gs 


. 
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| rbol: „ having for 4 


. tränfberie n the com- 
mon ſection of the triangla 


0 through e xls and the 1 
# ene | 


Let chere be a cone, its vertex che point 


A, and baſe the circle BC; let it be cut 


by a plane through the axis, and ler the 
triangle ABC be ns ſection; let it be cut 
alſo by another plane, cutting its baſe in 
the direction of the ſtraight line DE per- 
pendicular to BC, the baſe of the triangle 


ABC; and let ab ſection made in the ſur- 


face of the cane be the line DFE ; and let 


the ſtraight line FG, the common ſection 


of the triangle through the axis, and the 


| ſecond plane, be produced, and without 
the vertex of the cone, and in the point 
H, let it meet the ſide AC of che triangle 


ABC; the line DFE is an hyperbola, 


which has FG for one of its tranſverſe 


diameters. 
For in the ſection DFE take any point 
E, arid through K to FG draw KL pa- 


rallel to DE, n L draw MN 
— 


1 
4 % 
a 
4 
— — . 
e wp — x) PODS I OY 


I * 4 


wa 
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parallel to BG; the th hk | 
which paſſes through KL, MN is [15, 11. 


| Elem.] paralle] to the plane throu gh DE, 


BC, that is, to the baſe of the cone; and 


tate: the [23; 1.] plane through KL, 
MN is a circle, of which MN 1s a diame- 


ter: but KL is [10. 11; Elem,] perpendi- 


-. cular to MN, becauſe DE is; perpendicu- 


lar to BC; the rectangle, therefore, MLN 
is equal to the [35. 3. Elem.] ſquare of 


KL: and in like manner, the rectangle 


BGC i 18 equal to the ſquare of DG; the 
ſquare of DG is therefore tothe quare of 
KL as the rectangle BGC to the rectangle 
MLN: but BG, is to ML as FG to FL; 


and GC is to LN as GH to LH; ho 
fore the ratios. compounded of theſe ra- 


tios are the ſame to ane another,; and 


> 


therefore the rectangle BGC is to Ta 3. 6. 


Elem. the rectangle MLN as the rectangle 


FGH to the rectangle FLH; hence, in 
like manner, the ſquare of DG is to the 
ſquare of KL as the rectangle FGH to the 
rectangle FLH : Deſcribe, therefore, an 


hyperbola [55. 3.], of which FH may be 


a tranſverſe diameter, and in which DG 


map be, preinacely, applied to FH : and 
E 15 ſince, 
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ſince, by conſtruction, che point D is in 

this hyperbola, the point K is likewiſe in 
it [3. cor. 28. 3.]. And the ſame thing 
may be proved with regard to all the 
PUNE of the ſection DEF. 5 . 


THE END, 


